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Dear Prof. Claudia Pasquero,

Thank you very much for reviewing our manuscript entitled “100-kyr ice age cycles as a
timescale-matching problem.” We apologize for the delay in our resubmission and appreciate your
kindness in allowing the review process to continue.

We are pleased to resubmit a revised version of the manuscript, which has been updated in
accordance with the comments from you and the referees. Below, you will find a summary of the
main changes as well as our detailed, point-by-point responses to the comments. We believe that
the revisions significantly improve the clarity and overall quality of the manuscript.

Summary of the main changes

e Following the comments from the editor as well as Referee #2, we have added a paragraph
in the Discussion section (lines 264-274) that supports our timescale-matching hypothesis by
referencing previous studies using a physical ice-sheet model and an Earth system model of
intermediate complexity (CLIMBER-2).

e We have clarified the terminology related to the various timescales used in the manuscript—
such as intrinsic timescales, the natural period, and the timescale for forming a cycle-and
revised the manuscript accordingly. In particular, we have added a new Fig. 3 to summarize
these timescales.

e In response to a comment by Referee #2, we have included a new Supplementary Fig. S5,
which demonstrates that the timescale match is also necessary to achieve a high correlation
with the data.

e Following the reviewers’ and public comments below, we have revised several parts of the text
to make the sentences and technical terms clearer.

In what follows, the comments we received are shown in talics, and our proposed revisions to
the manuscript are highlighted in bold.

Reply to Editor’s comment

Based on the overall positive evaluation of the manuscript by the referees and on the answers the
authors provided to the raised concerns, I believe that a revision will likely significantly improve
the manuscript. As the authors propose, clarifications to specific points will help the readers to
correctly interpret the results presented and further discussion will be valuable in better focusing on
the physical processes relevant for the problem under study. I thus encourage the authors to submit
a revised version of the manuscript, taking into account all concerns raised by the reviewers.



We are grateful for your helpful suggestion regarding the revision. In particular, you encouraged
us to focus on the physical processes relevant to the problem under study. Accordingly, we have
added a paragraph in the Discussion section (lines 264-274) that supports our timescale-matching
hypothesis by referencing previous studies using a physical ice-sheet model and an Earth system
model of intermediate complexity (CLIMBER-2).

At the same time, while hundreds of studies have investigated the physical processes behind
glacial-interglacial cycles, our goal is not to determine which explanation is correct or most relevant.
Rather, we aim to use mathematical reasoning to extract a general property shared by these various
models and hypotheses. We believe this constitutes a novel aspect of the present study.

Reply to Referee #1 (Dr. Holger Kantz)

Main issue

I missed (or may have overlooked the discussion of) only one aspect in this issue of the 100 kyr
cycles: The lack of spectral power at 100 kyr in the 65N insolation time series means that the
driving signal lacks this frequency component. Nonetheless they state in line 60 that ’proxzimity of
the intrinsic time scale .... to the 100 kyr periodicity of the eccentricity cycles’ is relevant, i.e., they
consider the 100 kyr period of the driver to be due to eccentricity. This seems to be in contradiction
to the fact that in the PSD of 65N insolation there is no enhanced power in this frequency band,
and they also cite Berger who proposed a kind of beating frequency of the 23.7 and 19 kyr modes to
be responsible for the 100 kyr cycle.

Thank you for pointing out this aspect. The apparent contradiction is resolved as follows: The
Earth system does not simply respond to the precession cycles but mainly responds to the beat
frequency generated by the addition of the 23.7- and 19-kyr precession cycles. The beat frequency
is strictly equal to the frequency of the 95-kyr eccentricity cycles (cf. 1/19—1/23.7 = 1/95). Thus,
the nonlinear, subharmonic-type, response to the 23.7- and 19-kyr precession cycles is physically
similar to a response to the 95-kyr eccentricity cycles. In the Introduction of our discussion paper
(lines 27-30), we have briefly mentioned the above fact. Moreover, in the revised paper, we have
made the corresponding text clearer and have mentioned the above solution to the apparent contra-
diction again in the summary paragraph (lines 328-331): “Although the astronomical forcing
possesses only negligible power at 100-kyr-band, these models exhibit ~100-kyr ice
age cycles as a response to the amplitude-modulation of climatic precession cycles.
This is physically equivalent with the response to ~100-kyr eccentricity cycles that
modulate the amplitude of climatic precession.”

The fact that the eccentricity period of 95 kyr is close to the 100 kyr, is this essential or just by
chance? Perhaps the authors can comment on this.

We consider the so-called 100-kyr cycles to be a simplified characterization of the ice age cycles,
whose mean periodicity is closer to 95 kyr, as observed in the power spectra of the records (Fig. 1f).
Thus, there is no exact 100-kyr cycles.! In the revised manuscript (lines 32-41), we have stated
that while the ice age cycles are generally described as having a roughly 100-kyr periodicity, they
may be more closely associated with the 95-kyr eccentricity cycles. In this work, we have proposed
the hypothesis that the Earth system responds most strongly to the 95-kyr eccentricity cycles since
the intrinsic timescale is close to it.

!The eccentricity has also a periodicity of 98. 857 kyr [Laskar et al. 2005] (or 99.590 kyr in Berger et al. 2005),
which is closer to 100 kyr than 95 kyr. However, the power of the 98.857 kyr cycles is much less than that of 95 kyr
cycles.



Other minor issues

Line 25, ”"Henceforth, the =~ 100 glacial cycles...”: kyr is missing.
It was a typo. We have added ‘-kyr’.

Line 117: 7... the VCOV18 model CANNOT be qualified as ... synchronization”?
It was our mistake. We have changed ‘can’ to ‘cannot’.

Line 155: What is the difference between I(t) and f(t)? In line 86 it is said ”1(t) is the standardized
summer solstice insolation anomaly at 65N”, as well as in line 107. f(t) is defined in line 128 as
65N summer solstice insolation anomaly’. Perhaps the authors can invest one more line to clarify
this (also where the mean over the past 1 Myr appears and what fi, fo are).

1(t) is the standardized anomaly scaled by its standard deviation, and f(¢) is just an anomaly
NOT scaled by its standard deviation. In the revised paper, we have added the following sentence
(lines 139-140): “Note that f(¢) is an anomaly that is not scaled by its standard devia-
tion, different from /(¢) in the previous two models.” f; = —1.6 Wm 2 and fo = 1.6 Wm?
are the critical insolation anomalies, between which the system has two glacial and interglacial at-
tractors, and are now described in line 137.

Reply to Referee #2

The three models (SO, VCV18, G24-3) are well-chosen to represent distinct mechanisms, but their
simplicity raises questions about whether the results generalize to more complex systems. For in-
stance, how would the timescale-matching hypothesis hold in models incorporating additional feed-
backs (e.g., carbon cycle, dust-albedo interactions)? A discussion on this limitation would be valu-
able.

Indeed, our numerical investigations and survey in Table 1 focus on simple models. This is a lim-
itation of the present work. Nevertheless, as mentioned below, some studies in the literature offer
insights on how our timescale-matching hypothesis may hold in more complex models.

First, an early study by Oerlemans (1982) demonstrated that an ice-sheet—bedrock system could
exhibit 100-kyr-scale self-sustained oscillations especially due to strong feedbacks involving basal
melting and sliding of the ice sheets. This model is an instance that the 100-kyr-scale intrinsic
oscillations are relevant for producing 100-kyr cycles under insolation forcing, even though our
knowledge of lithosphere physics has since been refined.

Second, since the G24-3 model was, according to its author, inspired by experiments using the
Earth system model of intermediate complexity, CLIMBER-2 model (Ganopolski, 2024). If we
follow this argument, our results obtained from the G24-3 model can be relevant with complex
climate systems including carbon cycles and dust—albedo interactions.

Third, and perhaps more importantly, Mitsui et al. (2023) showed that a version of the CLIMBER-
2 model exhibits self-sustained oscillations with periodicities of several hundred thousand years, due
to the glaciogenic dust feedback and carbon cycle feedbacks. Such long timescales are crucial for
~100-kyr ice age cycles simulated in the CLIMBER-2 model under the forcing.

These previous findings support the timescale-matching hypothesis proposed in this study. In
the Discussion section of the revised manuscript (lines 264-274), we have addressed the limitation
and the above supports from complex models.



The definition of "intrinsic timescale” varies across models (e.qg., self-sustained oscillation pe-

riod vs. relaxation timescales in bistable systems). The manuscript should clarify whether these
differences affect the interpretation of timescale matching or if they represent fundamentally dis-
tinct dynamics.
Yes, the different dynamical mechanisms leading to ~100-kyr cycles affect how timescale matching
hypothesis should be interpreted. We have added a new paragraph to explain the differences in
interpretation in the revised manuscript (lines 278-286). In Introduction, we have described the
distinction between synchronization and resonance, but we have also mentioned some similarity
between them in Discussion (lines 278-295).

The brief discussion of the MPT (Section /) is insightful but underdeveloped. The authors sug-

gest that the 41-kyr periodicity before the MPT could also result from timescale matching, but this
18 not explored in depth. Including a sensitivity analysis or model experiments addressing the MPT
would significantly strengthen the paper.
We thank the reviewer for this valuable suggestion. In the interactive discussion, we proposed to
extend our results to the pre-MPT period and indeed conducted the sensitivity analysis. Figure 1
below presents an extension of our sensitivity experiments to the 41-kyr world before the MPT.
This result supports that the timescale matching also holds in 41-kyr world: the 41-kyr dynamics
occurs in a limited range of the scaled intrinsic time scale near 41 kyr in panels (a) and (d). The
region of 41-kyr dynamics is bounded from the lower side in (¢) and (d). However, during the
process of revision, we found that its inclusion diluted the main message of the paper. Therefore,
as already stated in the initial manuscript, we have decided to postpone a detailed discussion of
the pre-MPT results to future work. Nonetheless, in the revised manuscript, we have expanded
the discussion on the potential extension of the timescale matching hypothesis to the 41-kyr world
(lines 304-324). We believe this approach strikes an appropriate balance between maintaining the
focus and enhancing the comprehensiveness of the manuscript.

The distinction between nonlinear resonance and synchronization is well-explained, but the

manuscript could better highlight why this distinction matters for the ~100-kyr problem. For ex-
ample, does the dominance of one mechanism over the other have implications for predicting future
climate variability?
The concepts of nonlinear resonance and synchronization underlie our timescale matching hypoth-
esis. Therefore, a clear explanation of these concepts was necessary in this article. We have added
the following sentences to explain the necessity of introducing these concepts in detail (Lines 42—
44): “Synchronization and nonlinear resonance are two major dynamical mechanisms
that result in a system’s response tightly coupled with external forcing. ... As they
are central to the discussion that follows, we briefly review them below.”

On the other hand, the present study does not aim to determine which mechanism is the most
plausible and thus the most suitable for long-term prediction. Rather, our objective was to provide
a unified perspective on these mechanisms through the lens of the timescale matching problem.
As you suggest, if one plausible mechanism is ultimately identified, it may have implications for
predicting future climate variability. For example, if the Earth system exhibits self-sustained oscil-
lations, it may have a tendency to enter a new ice age spontaneously over the next tens of thousands
of years. We keep in mind that in reality, anthropogenic forcing plays a significant role, and any
such prediction must clearly be verified using more realistic models.

The power spectral density (PSD) analysis is robust, but the manuscript could include a more
detailed comparison between model outputs and proxy records (e.g., time-domain metrics or phase



(a) SO model (oscillator dynamics) (b) SO model (resonance dynamics)
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Figure 1: Extension of the sensitivity experiments to the 41-kyr world before the MPT. (a) SO
model corresponding to self-oscillatory dynamics. (b) SO model corresponding to resonant dynam-
ics. (c) VCV18 model. (d) G23-3 model. Other descriptions are the same as Fig. 5 in the revised
manuscript.

relationships). This would help assess whether the models not only reproduce the 100-kyr peak but
also the timing of deglaciations.

Yes, the time-domain metrics or phase relationships are definitely useful for assessing models with
respect to the timings of deglaciations. The timings of deglaciations themselves are however compli-
cated metrics because the last 800-kyr contains eleven deglaciations. The most simple time-domain
metric would be the Pearson’s correlation coefficient (PCC) between model outputs and the proxy
record would. The PCC evaluates phase relationships, although it does not focus on deglacia-
tions. In the revised manuscript, we have include a new Supplementary Fig. S5 demonstrating that
timescale matching is also necessary to achieve a high correlation with the data, using the PCC as
the metric. See lines 243-245: “We note that the closeness between the intrinsic timescale
and the 95-kyr eccentricity periodicity not only ensures the ~100-kyr dominant pe-
riodicity of ice age cycles but also enhances the temporal consistency between the
simulations and the proxy data, as shown by the Pearson’s correlation coefficients for
varying parameters r and A in Fig. S5.” On the other hand, we cannot exclude the possibility
that even good models may fail to reproduce the precise timing of deglaciations, particularly if that
timing is sensitively dependent on parameters or influenced by stochastic forcings (Crucifix, 2013;
Mitsui and Aihara, 2014; Mitsui et al., 2015; Mitsui and Crucifix, 2016). Therefore, caution is



warranted when using correlation-based metrics for model comparison.

Figures §1-S7 are cited in the text but are not included in the preprint. The authors should
ensure all supplementary figures are accessible or provide descriptions in the main text.
It is unfortunate that you could not access the supplementary figures during the review. Actually
they have been provided in the preprint page at: https://esd.copernicus.org/preprints/esd-2024-
39/esd-2024-39-supplement.pdf. We will definitely upload the supplementary material according
to Journal’s submission guideline.

Line 25: ”Henceforth” should likely be ”Previously.”
Indeed, “Henceforth” is not suitable in this context. Instead, we find that “hence” provides a
clearer logical connection between the sentences. Accordingly, we have rephrased the text as fol-
lows: Hence, the ~100-kyr glacial cycles have previously been explained as ...

Lines 70-75: It only briefly explains each chapter’s general content, not the research purpose

and main methods, making it hard for readers to grasp the research core at the start. Suggest the
author supplement research objective and main method info. When explaining objectives, state key
scientific problems to solve and expected results. When describing methods, detail model selection
criteria, simulation experiment process, and data analysis methods and ideas to help readers un-
derstand the paper’s core content and research context.
We acknowledge the reviewer’s comment that the research purpose and main methods may not
have been clearly conveyed. This could be partly because they were embedded mid-paragraph.
Therefore, in the revised manuscript, we have changed the order of the paragraphs. Now the last
two paragraphs of the Introduction to clearly state the objectives of the paper, outline the key
scientific questions addressed, and describe the main methods, including model selection criteria,
simulation procedures, and data analysis approaches. Please see lines 69-82.

Line 204: The term "quasi-Arnold tongue” (Section 3.2) is introduced without a clear defini-
tion. A brief explanation or reference would aid readability.
In the revised manuscript (lines 216-218), the quasi-Arnold tongues have been defined as triangu-
lar regions where the principal frequency of a self-sustained oscillator under external
forcing matches one of the forcing frequencies or a linear combination thereof.

Reply to Dr. Mikhail Verbitsky

CC1: Main point

In the report by Dr. Verbitsky (CC1), he argues that “astronomical forcing makes the intrinsic
timescale irrelevant” (p. 3) and hence “the intrinsic timescale has no role in the present results”
(p- 3). We respectfully disagree with these statements. His argument is based on a scaling analysis.
Using Buckingham’s m-theorem, the system’s response period P is expressed as shown in his Eq. (8):

P:cb(g,T V), (8)

)
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where T;,,; is the system’s intrinsic timescale, € is the amplitude of the forcing, a is the mass influx
to the ice sheets, T is a period of astronomical forcing, and V is the parameter controlling the
balance between positive and negative feedbacks. We agree with Eq. (8) itself, but he continues



with the assertion that “we know from experiments with VCV model ... that for T =35-50 kyr ..
the system responds with the period-doubling. This means that - L d(’pmds linearly on T, i.e.,
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we can see that astronomical forcing makes the intrinsic timescale irrelevant.” However, Eq. (9)
is only locally true in the parameter space because P — depends nonlinearly on T across different
modes of resonances and non-resonances. This is shown in our Fig. 4b as a nonhnear dependence of
P on 7;; (rTp in our case). Therefore, we sustain our conclusion that the intrinsic timescale of the
system is indeed critical for realizing the 100 kyr response. Of course, in each resonance mode, P is
fixed to T" or some combination of T's, consistently to his argument. Thus, in terms of w-theorem,
Eq. (8) is a piecewise linear function of 7', whose discontinuous points are determined by 7.

In the revised manuscript, we clarified the above point in plain language (lines 247-251): “Our
sensitivity experiments show that the models’ responses can lock into individual or
combined astronomical frequencies, depending on their intrinsic timescales (Fig. 5).
In particular, models tend to produce ~100-kyr cycles when their intrinsic timescales
are close to 100 kyr. This reflects a general property of synchronization and nonlinear
resonance, observed across many ice age models (Table 1).”

Other confusions to be clarified

e We have not stated that “the system’s response period to the astronomical forcing is inde-
pendent of the amplitude of the astronomical forcing” (p. 1 in his report). Actually, we have
discussed the amplitude dependence of the phenomena in Section 3. To clarify this point,
we have added the following sentence in the Discussion (lines 248-250): “The locking fre-
quency can also depend on the amplitude of the astronomical forcing (Figs 5b, c).
However, under realistic forcing amplitudes, models tend to produce ~100-kyr
cycles when their intrinsic timescales are close to 100 kyr.”

e Dr. Verbitsky stresses that “there is no similarity between ice sheets with and without forcing”
(his Section 4). We agree that ice-sheet dynamics with and without forcing are qualitatively
different. Indeed, in the VCV18 model, the dynamics under weak forcing is close to a linear
response to the obliquity cycles, while the dynamics under strong forcing is characterized by
nonlinear resonance at ~100-kyr time scales. Nevertheless, the result of sensitivity experiment
shows that the response frequency is tightly coupled with the system’s natural frequency in the
absence of forcing (Fig. 5b). This is also consistent with the notion of resonance. Therefore,
we conclude that the system’s response to the forcing is tightly linked with the system’s
natural frequency in the absence of forcing. In the revised manuscript, we have clearly stated
this point as follows (lines 229-234): “Near the realistic forcing amplitude of A ~ 1,
resonances at 41 kyr, 95 kyr, and 124 kyr emerge when the scaled natural period
rTy approaches these respective timescales (Figs. 5b, 6b). This correspondence
indicates that resonance is driven by a timescale match between the system’s
natural period and an astronomical period, in line with the classical concept
of resonance. We therefore conclude that the proximity between the system’s
intrinsic timescale and the 95-kyr eccentricity period is crucial for producing the
95-kyr cycles in the VCV18 model as well.”

e The natural period of the VCV18 model was calculated to be 95 kyr in our work. This value is
coincidentally identical to the observed principal period of ice age cycles as well as one of the



eccentricity periods. However, we do not need this coincidence for our conclusion. The natural
periodicity does not have to be sharply at 95 kyr for realizing the 95 kyr cycles. Indeed, the
resonance at 95 kyr can occur for a range of natural periodicities, 83 < 7Ty < 118 kyr for the
realistic astronomical forcing. In the revised paper, we have mention as follows (Line 234—
236): “Note that the close numerical match between the natural period 7 = 95 kyr
and the 95 kyr eccentricity period is purely coincidental, and the resonance at
95 kyr can occur for a range of natural periods, 83 < r7j < 118 kyr for the realistic
astronomical forcing A = 1.”

We appreciate comments by Dr. Verbitsky again. A couple of equations introduced in his report
help theoretical considerations. While his comments are critical, we believe that apparent contra-
dictions between his opinions and our thoughts can be solved by careful revisions proposed above.

Reply to report CC2

In the report CC2, Dr. Verbitsky states that “VCV18 bifurcation points can be described as a
timescale matching problem between orbital timescale and orbitally modified intrinsic timescale”.
We agree with this point that the range of the intrinsic timescale allowing a particular resonance
(P ~ T) depends on the amplitude of astronomical forcing, and that such resonances are not
observed if the forcing is too weak. In our reply AC3, we discussed a necessary condition for the
resonance in terms of the ice accumulation rate. Although we believe the argument is thought-
provoking, we find it not solid enough to include in the paper, as it lacks feedback from temperature
and basal melting, which are key for the damped oscillation in the VCV18 model. Therefore, in
the revised manuscript, we added the following clarification (lines 280-283): “In contrast, in the
nonlinear resonance mechanism with damped oscillations, the natural period leading
to the ~100-kyr cycles can deviate from 100 kyr, depending on the forcing amplitude,
as suggested by the tilted 95-kyr resonance region in Fig. 5b. Thus, this mechanism
not require a precise match between the internal and external periods, but rather a
general alignment of their timescales.”

AC3

On that basis, we point out that in many ice age models under astronomical forcing with realistic
amplitude, ~100-kyr responses arise if the model’s intrinsic timescale is close to ~100 kyr. That
is, our conclusion holds for realistic forcing amplitude: A = 1 in our terminology and ¢ ~ 1 in
VCV18’s term.

Inspired by his scaling analysis, we propose the following physical argument. It does not use
the Pi-theorem but as we show next it converges to a conclusion similar to his one. Following the
VCV18 paper, the height of the fully developed ice sheet is given by H = CSé/ * and the snow
accumulation rate is a. Using his comment (CC1), the intrinsic time scale of advection in the
absence of forcing is given as
H_ sy

Tadv = —
a a

Since the snow accumulation rate a and the forcing term eFg(t) appear as a — ¢Fg(t) in the
dynamical equations of VCV 18, we assume that the net ice accumulation rate under a forcing
cycle scales as a — ce: this is similar to a — eFg(t) but we introduce a cycle-specific coefficient c.
Indeed, the astronomical forcing is a complicated signal and its amplitude from cycle to cycle. For
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Figure 2: The parameter region derived from the simple physical consideration. The resonance
with the astronomical period T is possible at least within the triangular region.

this cycle (of period, say, T') to actually entertain a resonance with glaciation dynamics, we expect
the typical ice build-up time to match T, i.e.,

(maximal ice-sheet height) — H T

laciation period) = =
(& P ) (net ice accumulation rate) a — ce

1 H a
<~ CN€<CZ—T> _57(T_Tadv).

This equation must hold for a majority of cycles, that is, for a range of ¢ denoted by —c; < ¢ < ¢
(Cl, co > 0). Thus,

a
—C1 S EiT (T - Tadv) 5 C2
That is,
a a
€2 Cl—T(Tadv—T) and € 2 @—T(T—Tadv).

These inequalities imply a triangular region in 7,4,—¢ space (Fig. 1 here). The system may resonate
at the astronomical period T at least within the triangular region. If we interpret 7,4, as the
intrinsic timescale of the system and if use the notation of our article (7,4, = rTp and € = A), the
above inequalities are

a

A> -2 7Ty —T) and AziT(T—rTO).

aTl C2

The resonance may occur at least within this region, but the actual resonance region is more
complicated than suggested from the above equations because of nonlinear effects (cf. Figs. 4 and
S5 in our article).

The inequalities derived here are slightly different from what you drive using a scaling analysis
in CC2. However, we reach essentially the same conclusion that the range of the intrinsic timescale
leading to a particular resonance (P ~ T') must depend on the forcing amplitude if the forcing
amplitude changes significantly. Our conclusion holds for the astronomical forcing with realistic
amplitude. This point will be addressed in the revised manuscript.

We would like to thank you again for guiding us to the physical considerations.
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