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Abstract

The prognostic experiments for fast-flowing ice streams on the southern side of
the Academy of Sciences Ice Cap in the Komsomolets Island, Severnaya Zemlya
archipelago, are implemented in this study. These experiments are based on inver-
sions of basal friction coefficients using a two-dimensional flow-line thermo-coupled5

model and the Tikhonov’s regularization method. The modeled ice temperature distri-
butions in the cross-sections were obtained using the ice surface temperature histories
that were inverted previously from the borehole temperature profiles derived at the
Academy of Sciences Ice Cap. Input data included InSAR ice surface velocities, ice
surface elevations, and ice thicknesses obtained from airborne measurements and the10

surface mass balance, were adopted from the prior investigations for the implementa-
tion of both the forward and inverse problems. The prognostic experiments reveal that
both ice mass and ice stream extents decline for the reference time-independent sur-
face mass balance. Specifically, the grounding line retreats (a) along the B–B′ flow line
from ∼40 to ∼30 km (the distance from the summit), (b) along the C–C′ flow line from15

∼43 to ∼37 km, and (c) along the D–D′ flow line from ∼41 to ∼32 km considering a
time period of 500 years and assuming time-independent surface mass balance. Ice
flow velocities in the ice streams decrease with time and this trend results in the overall
decline of the outgoing ice flux. Generally, the modeled histories are in agreement with
observations of sea ice extent and thickness indicating a continual ice decline in the20

Arctic.

1 Introduction

There are relevant diagnostic observations of glaciers such as digital Landsat imagery
and satellite synthetic aperture radar interferometry (InSAR), airborne measurements,
borehole ice temperature and ice surface mass balance measurements. These obser-25

vations provide data for prognostic experiments that allow prediction of future glacier
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conditions for different climatic scenarios in the future. These experiments can be per-
formed employing the mathematical modeling and in this study a two-dimensional ice
flow model is applied for prediction of the future conditions of fast-flowing ice streams
on the southern side of the Academy of Sciences Ice Cap in the Komsomolets Island,
Severnaya Zemlya archipelago (Fig. 1; Dowdeswell et al., 2002).5

The observations were based on digital Landsat imagery and satellite synthetic aper-
ture radar interferometry (InSAR) and revealed four drainage basins and four fast-
flowing ice streams on the southern side of the Academy of Sciences Ice Cap in the
Komsomolets Island, Severnaya Zemlya archipelago (Fig. 2; Dowdeswell et al., 2002).
The four ice streams are 17–37 km long and 4–8 km wide (Dowdeswell et al., 2002).10

Bedrock elevations of these areas are below the sea level, and the ice flow velocities
attain a value of 70–100 ma−1 (Fig. 2). Such fast flow-line features are typical for outlet
glaciers and ice streams in both the Arctic and the Antarctic. These ice streams are the
major locations of iceberg calving from the Academy of Sciences Ice Cap (Dowdeswell
et al., 2002).15

The flow-line profiles of the three ice streams on the southern side of the Academy
of Sciences Ice Cap are shown in Fig. 3. Ice flow in these ice streams is simulated
with a two-dimensional flow-line finite-difference model (e.g. Colinge and Blatter, 1998;
Pattyn, 2000, 2002). This model describes an ice flow along a flow line (Pattyn, 2000,
2002). The results of the diagnostic experiments obtained in Konovalov (2012), for in-20

stance, for the C–C′ flow-line profile show that the ice surface velocity along the flow
line attains a value of 100 ma−1 assuming that ice is sliding. However, the observed
surface velocity distribution along the C–C′ flow-line profile (Dowdeswell et al., 2002) is
not similar to that obtained by the model experiments for constant values of friction co-
efficient and for both linear and nonlinear friction laws (Konovalov, 2012). Similarly, the25

diagnostic experiments carried out for the B–B′ and D–D′ profile data show the same
results for the ice flow velocities. The deviation between the observed and modeled
surface velocities suggests that the friction coefficient should be a spatially variable pa-
rameter. Therefore, to achieve a better agreement between the observed and simulated
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velocities, the spatial distribution of the friction coefficients requires to be optimized and
an inverse problem needs to be solved (e.g. MacAyeal, 1992; Sergienko et al., 2008;
Arthern and Gudmundsson, 2010; Gagliardini et al., 2010; Habermann et al., 2010;
Morlighem et al., 2010; Jay-Allemand et al., 2011; Larour et al., 2012).

The inversion of friction coefficients is based on the minimization of the deviation5

between the observed and modeled surface velocities. A series of test experiments
(Konovalov, 2012), in which modeled surface velocities are used as observations in
the inverse problem, have shown that the inverse problem for the full 2-D ice flow-
line model is ill posed. More precisely, the surface velocity is weakly sensitive to small
perturbations in friction coefficients, and as a result the perturbations appear in the10

inverted friction coefficients (Konovalov, 2012).
Herein, we present a solution to the ill-posed inversion problem by applying the

Tikhonov’s regularization method, in which Tikhonov’s stabilizing functional is added
to the main discrepancy functional (Tikhonov and Arsenin, 1977).

The inversions of friction coefficient are used in the prognostic experiments for the15

fast-flowing ice streams. The considered 2-D prognostic experiments are the numerical
simulations with the ice thickness distribution changes performed by the 2-D flow-line
thermo-coupled model, which includes diagnostic equations as the heat-transfer equa-
tion and the mass-balance equation (Pattyn, 2000, 2002). In this study, we present
the results of the prognostic experiments performed for the B–B′, C–C′, and D–D′20

profiles (Fig. 3). Specifically, the prognostic experiments are carried out for the three
ice streams (Fig. 2) that are the main sources of the ice flux from the ice cap to the
ocean. The results of the prognostic experiments include future modeled histories of
ice thickness distributions along the flow lines of grounding line locations and outgoing
ice fluxes. The surface mass balance in the performed experiments is considered as25

time-independent, so the prognostic experiments show the assessment of the maximal
ice mass in the ice streams in the future, because the obtained forecasts do not imply
a future global warming. Nevertheless, the results of the prognostic experiments are in
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agreement with the observations of sea ice extent and thickness indicating a continual
ice decline in the Arctic.

2 Field equations

2.1 Forward problem: diagnostic equations

The 2-D flow-line model includes the continuity equation for incompressible medium,5

the mechanical equilibrium equation in terms of stress deviator components (Pattyn,
2000, 2002), and the rheological Glen law (Cuffey and Paterson, 2010):

∫z
hb

∂u
∂xdz′ + 1

b
db
dx

∫z
hb
udz′ +w −wb = 0,

2∂σ
′
xx

∂x +
∂σ′yy
∂x + ∂2

∂x2

∫hs
z σ
′
xzdz+

∂σ′xz
∂z = ρg∂hs

∂x ,

σ′ik = 2ηε̇ik ; η = 1
2 (mA(T ))−

1
n ε̇

1−n
n ,

0 < x < L; hb(x) < z < hs(x),

(1)

where (x,z) is a rectangular coordinate system with the x axis along the flow line and
the z axis pointing vertically upward; u, w are the horizontal and vertical ice flow ve-10

locities, respectively; b is the width along the flow-line, σ′ik is the stress deviator; ε̇ik
is the strain-rate tensor; ε̇ is the second invariant of the strain-rate tensor; ρ is the
ice density; g is the gravitational acceleration; η is the ice effective viscosity; A(T ) is
the flow-law rate factor; T is the ice temperature; hb(x), hs(x) are the ice bed and ice
surface elevations, respectively; and L is the glacier length.15

The boundary conditions and some complementary experiments that were carried
out applying this model, were considered in Konovalov (2012).
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2.2 Inverse problem for the friction coefficient

The inversion of friction coefficient has been carried out using the gradient minimization
procedure for the “smoothing” functional (Tikhonov and Arsenin, 1977):

F =

L∫
0

(uobs −umod)2dx+β

L∫
0

(
K 2

fr +q(x)
(

dKfr

dx

)2
)

dx, (2)

where uobs are the observed velocities along the flow line and umod are the modeled5

velocities, the first integral Φ is the discrepancy and the second integral Ω is the sta-
bilizer (Tikhonov and Arsenin, 1977), β is the regularization parameter, and q(x) is
considered equal to 1. The nonzero value of β implies that the inverse problem, i.e. the
problem that is based on the minimization of the discrepancy Φ, is ill posed and the
original problem of the discrepancy minimization is replaced with the problem of the10

smoothing functional minimization.
The details of the gradient minimization procedure and the problem of the regulariza-

tion parameter choice are discussed in Nagornov et al. (2006) and Konovalov (2012).
In this manuscript the inversions have been obtained for the linear (viscous) friction
law, implying the experiments implemented in Konovalov (2012) with the inversions for15

the C–C′ profile, that have shown a good agreement between the observed (uobs) and
the calculated (umod) surface velocities for the linear friction law.

2.3 Prognostic equations

The thermo-coupled prognostic experiments imply that the 2-D flow-line model includes
the heat-transfer equation (Pattyn, 2000, 2002):20

∂T
∂t

= χ

(
∂2T
∂x2

+
1
b

db
dx
∂T
∂x

+
∂2T
∂z2

)
−
(
u
∂T
∂x

+w
∂T
∂z

)
+

2A−
1
n ε̇

1+n
n

ρC
, (3)
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where χ and C are the thermal diffusivity and the specific heat capacity, respectively.
In this model it is suggested that the ice surface temperature at the Academy of

Sciences Ice Cap varies with an elevational gradient of temperature changes, which
is equal to about 6.5 Kkm−1. Hence, the ice surface temperature distribution along the
flow line is defined by the temperature history at the summit Ts0(t) and by the elevational5

changes, and it is expressed as

Ts(x,t) = Ts0(t)+θT (hs(0)−hs(x)), (4)

where θT is the elevational gradient. Therefore, Eq. (4) provides the boundary condition
on the ice surface.

The boundary condition at the ice base is defined by the geothermal heat flux and10

by the heating due to the basal friction, and it is expressed as (Pattyn, 2000, 2002)

∂T
∂z

= −1
k

(
Q+
(
σ′xz
)

bub
)

, (5)

where k is the thermal conductivity.
The boundary conditions at the ice (ice-shelf) terminus and at the ice-shelf base are

defined by sea water temperature, which is considered as −2 ◦C in this study.15

The ice thickness temporal changes along the flow line are described by the mass-
balance equation (Pattyn, 2000, 2002):

∂H
∂t

=Ms −Mb −
1
b
∂(ubH)

∂x
, (6)

where u is the depth-averaged horizontal velocity, Ms is the annual surface mass bal-
ance, and Mb is the melting rate at the ice base.20

The mass-balance equation requires two boundary conditions at the summit and at
the ice terminus. The first condition at the ice cap summit implies that ∂hs

∂x = 0. The
second condition applied in the ice terminus originates from the fact that the ice thick-
nesses in the ice shelf along the flow line attain a constant value at the terminus.
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3 Results of the numerical experiments

3.1 Inversions for the friction coefficient

For the first run of the friction coefficient inversions, the linear ice temperature profile
approximation is applied. Specifically, it is assumed that the ice temperature linearly
increases from −15 ◦C at the surface to −5 ◦C at the ice base at the division and in-5

creases from −2 to −1 ◦C at the grounding line. Figure 4a shows the inverted friction
coefficient distribution along the C–C′ flow line. The retrieved friction coefficient grad-
ually decreases from ∼ 3.5×103 Paam−1 to a mean value of 5×102 Paam−1 within
a distance of around 25km < x < 40 km (Fig. 4a). The difference between the simu-
lated and observed surface velocities is relatively small (Fig. 4b).10

The inverted friction coefficient distributions along the B–B′ and D–D′ flow lines show
qualitatively the same trends, i.e. they gradually decrease along the flow line from
a high to a lower level.

After the first run of the inversions, the ice temperature simulations are performed
for inverted friction coefficients and boundary conditions (Eqs. 4 and 5). Boundary con-15

dition (Eq. 4) includes the temperature history Ts0(t). In particular, if the history is the
past temperature (Nagornov et al., 2005, 2006), which was inverted previously from the
borehole temperature profile derived at the Academy of Sciences Ice Cap (Zagorod-
nov, 1988; Arkhipov, 1999), then we would expect the simulated output temperature
close to the real present temperature in the ice stream along the flow line. In other20

words, the modeled temperature will be close to the present temperature (in the year
when borehole measurements were performed), assuming a good agreement between
the model results and the real physical processes that occur in the glacier, which are
in general described by the model. The past surface temperature history, which was
applied in the simulations of the present ice temperature, was adopted from Nagornov25

et al. (2005, 2006). The modeled present temperature distributions along the B–B′,
C–C′ and D–D′ cross-sections are shown in Fig. 5.
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For the second run of the basal friction coefficient inversions, the modeled tempera-
ture distributions are applied. The inverted friction coefficients (i) for the linearly approx-
imated ice temperature and (ii) for the modeled ice temperature are shown in Fig. 6.
Generally, the distinctions in the friction coefficients are insignificant, and, therefore,
the ice temperature approximations can be applied in the inverse problem as the first5

iteration of the ice temperature distribution in the glacier.

3.2 Prognostic experiments

The main input data along with flow-line profiles for the prognostic experiments, namely,
the surface mass balance, are adopted from Bassford et al. (2006). Figure 7 shows the
elevational mass-balance distribution along the C–C′ flow line, i.e. it shows how the10

surface mass balance changes with elevation in the C–C′ direction (Bassford et al.,
2006). For the B–B′ and D–D′ flow lines, the elevational mass-balance distributions
are qualitatively the same (Bassford et al., 2006). In the prognostic experiments that
have been carried out, the mass balance is considered as time-independent. That is,
the elevational mass-balance distributions are kept unchanged for the considered time15

period in the future. Thus, we intend to assess the maximum ice thickness in the ice
streams in the future, because the forecasts implemented with the time-independent
surface mass balance, do not imply a future global warming and, so, they do not sug-
gest a future mass balance drift down into the ablation zone. Similarly, the ice surface
temperature is suggested to be time-independent but dependent on elevation, i.e. ac-20

cording to Eq. (4), it is changed with elevation with a constant value of Ts0(t). From the
borehole temperature measurements, the present ice surface temperature at the sum-
mit is about −7.2 ◦C. The initial ice temperatures applied in the prognostic experiments
are shown in Fig. 5.

Despite that future warming scenarios are not included into the prognostic experi-25

ments, the modeled ice cap response to the present environmental impact, which is
reflected in the elevational mass-balance distribution (Bassford et al., 2006), reveals
that the ice thicknesses gradually diminish along all the three flow lines. Figures 8a–
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10a show the modeled successive ice surfaces divided into 50 year time intervals for
the B–B′, C–C′, and D–D′ profiles, respectively. Figures 8b–10b show the same results
as Figs. 8a–10a, respectively, but these complementary figures show the evolutions of
the three ice shelves in more detail. The prognostic experiments are performed by ap-
plying a rectangular ice-shelf geometry. The cumulative impact of sea water, surface5

mass balance, and ice flow changes in the glacier has produced the future modeled
ice shelve geometries. The ancillary black circles in Figs. 8–10 are aligned with the grid
nodes and, thus, they show the spatial resolution, at which the prognostic experiments
have been implemented. The spatial resolution is irregular and is about 100 m in the ice
shelves and in the grounding line vicinity. The spatial grid is considered unchangeable10

throughout the period of the modeling.
The grounding line history, i.e. grounding line retreat or advance, specifically reflects

the growing or diminishing ice mass, i.e. the history is an indicator of the glacier evo-
lution. The grounding line retreats (a) along the B–B′ flow line from ∼ 40 to ∼ 30 km
(Fig. 11a), (b) along the C–C′ flow line from ∼ 43 to ∼ 37 km (Fig. 11b), and (c) along the15

D–D′ flow line from ∼ 41 to ∼ 32 km (Fig. 11c) considering a time period of 500 years.
The ice flow velocities in the ice streams decrease with time and this trend dimin-

ishes the outgoing ice fluxes in the future. Figure 12 shows the modeled outgoing ice
flux histories, i.e. it shows how the value uHb, which is defined at the ice-shelf termi-
nus, changes with time. There are small peaks that periodically disturb main historical20

trends of the three outgoing ice fluxes. Every peak reflects ice calving at the ice-shelf
terminus. Similarly, the ice calving provides a sudden change in the value of the out-
going ice flux (uHb) due to a sudden change in the ice thickness (H) at the terminus.
Considering a complex environmental impact on ice shelves (Bassis et al., 2008), from
the mathematical point of view it can be suggested that the calving processes are25

described by a stochastic model. Hence, the overall annual (or decadal) sizes of the
anticipated ice debris can be described by a frequency distribution function. For conve-
nience, the periodic calving of equal-size debris is considered herein, i.e. δ-function is
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considered as the frequency distribution function. Figure 13 shows the future history of
the overall outgoing ice flux, i.e. the sum of the three future modeled historical trends.

4 Discussion

Numerical experiments carried out in the 2-D model using the randomly perturbed fric-
tion coefficient (Konovalov, 2012) have revealed that the horizontal surface velocity is5

weakly sensitive to the perturbations. Thus, the perturbations appear on the x dis-
tributed inverted friction coefficient. Therefore, the inverse problem should be consid-
ered as ill posed because the weak sensitivity of the surface velocity to the pertur-
bations in the friction coefficient justifies the instability in the inverse problem. In other
words, the instability in the inverse problem means that small deviations in the observed10

surface velocities allow significant perturbations in the friction coefficient. Hence, the
application of the regularization method is justified.

The Tikhonov’s method that is based on the application of the stabilizing functional
reduces the effects of perturbations proportionally to the regularization parameter β
(Tikhonov and Arsenin, 1977). A further increase in the parameter leads to a reduction15

in the real spatial variability of the friction coefficients.
The reduction in the existent friction coefficient variability is associated with a growing

discrepancy between the observed and modeled surface velocities. Thus, the regular-
ization parameter is chosen as the value at which nonexistent perturbations are re-
duced, but the real variability of the friction coefficient is not completely reduced by the20

stabilizing functional. The optimal value of the regularization parameter can be defined
approximately in the curve, which is the deviation between the observed and modeled
surface velocities vs. the regularization parameter (Leonov, 1994; Konovalov, 2012).

Evidently, the stabilizing functional narrows down the range of possible inverted x dis-
tributions of the friction coefficients. Thus, it is supposed a priori that the real x distri-25

bution of the friction coefficient is a smooth function. Moreover, the friction coefficient in
the friction laws is considered as a constant (e.g. Van der Veen, 1987; MacAyeal, 1989;
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Pattyn, 2000; Gudmundsson, 2011). Hence, the friction coefficient inversion performed
for the three cross-sections can be interpreted as follows:

1. A large value of the friction coefficient at 0km < x < 20 km apparently means that
ice is frozen to the bed at these distances from the summit. Then, the basal tem-
perature increases at 25km < x < 40 km and the basal sliding at sub-freezing tem-5

peratures can appear due to the existence of a layer of ice-laden subglacial drift
(Echelmeyer and Zhongxiang, 1987). Echelmeyer and Zhongxiang (1987) mea-
sured sliding rates of 0.5 mmday−1 over a solid rock surface at a temperature of
−4.6 ◦C under a shear stress of approximately 60 kPa. This sliding rate can pro-
vide the ice surface velocity of about 180–200 ma−1, and thus can explain the10

fast-flowing ice streams.

Otherwise, it seems that the basal temperature can reach the melting point at
25km < x < 40 km due to an increase in both deformational heating and ice sur-
face temperature (e.g. Pattyn et al., 2005). Thus, the basal sliding can appear at
x > 25 km due to the regelation mechanism (Weertman, 1957; Li et al., 2010). In15

addition, the presence of water in the basal layer can be explained by the low
bed elevations in the areas of fast-flowing ice streams (e.g. Knight, 1999; Vieli
et al., 2001) or by a hydrological processes (e.g. Röthlisberger, 1972; Nye, 1976;
Hewitt, 2011; Hoffman and Price, 2014). The presence of water in the basal layer
provides the basal sliding which with time increases the basal temperature from20

the basal friction in the appropriate areas of the ice base.

2. In addition, the two evidently distinguished levels in the inverted friction coeffi-
cient distributions can be explained by changing the physical properties of the
bedrock along the flow lines. Similarly, the large values of the friction coefficient at
0km < x < 20 km justify the rock-type bottom where ice is frozen to the bed (the25

ice temperature at 0 km < x < 20 km is lower than the melting point). The lower
values of the friction coefficient at 25km < x < 40 km presumably indicate the ex-
istence of the till layer at the bottom (e.g. Engelhardt et al., 1978, 1979; Boulton,
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1979; Boulton and Jones, 1979; Engelhardt and Kamb, 1998). Specifically, the till
layer provides the basal ice sliding.

The modeled present ice temperatures (Fig. 5) are qualitatively the same in the
three cross-sections. There are resembling zones of relatively cold ice that can be
distinguished in the modeled temperatures in the middle of each cross-section.5

These cold ice zones reflected the surface temperature minimum about 150–
200 years ago in the inverted past temperature history (Nagornov et al., 2005,
2006). This surface temperature minimum corresponds to an event that is known
as Little Ice Age. Thus, surface boundary conditions (Eq. 4), and diffusive and
advective heat transfers provide the basal ice temperature that mainly varies in10

the range −4 to −9 ◦C at 25km < x < 40 km. Therefore, the modeled basal ice
temperature becomes lower than the melting point. Hence, the modeled ice tem-
peratures justify the sliding due to a layer of ice-laden subglacial drift (Echelmeyer
and Zhongxiang, 1987) or the modeled ice temperatures confirm the second in-
terpretation of inversions of the friction coefficients, which explains the sliding due15

to the existence of till layer at the bottom (Engelhardt et al., 1978, 1979; Boulton,
1979; Boulton and Jones, 1979; Engelhardt and Kamb, 1998).

However, note that the heat-transfer model considered here does not account for
the melt water refreezing in the subsurface firn layer (Paterson and Clarke, 1978). The
numerical experiments carried out in Paterson and Clarke (1978) have shown that the20

heat source demonstrated significant impact due to melt water refreezing of the ice
temperature profiles depending on the melt water percolation depth. Thus, the notion
that the basal ice temperature reaches the melting point cannot be fully excluded.

General formulations of the friction laws assume that the appropriate equations in-
clude the basal pressure (Budd et al., 1979; Iken, 1981; Bindschadler, 1983; Jansson,25

1995; Vieli et al., 2001; Pattyn, 2000). Introduction of the hydrostatic pressure in Eq. (2)
does not provide a constant value of the inverted friction coefficient at x > 25 km. The
inversion performed for the nonlinear Weertman-type friction law reveals similar vari-
ations in the inverted friction coefficient at x > 25 km (Konovalov, 2012). The similar
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variability in the inverted friction coefficients obtained for both the linear and nonlinear
friction laws (Konovalov, 2012) implies that the physical properties of the basal layer
change according to the friction coefficient distribution along the flow line. In particu-
lar, the water content in the basal layer can vary in agreement with the bed elevation
changes, and the enhancement of water content at lower elevations provides a de-5

crease in the friction coefficient in the corresponding areas.
Finally, two areas can be distinguished in the ice base, where basal ice is frozen to

the bed (0km < x < 20 km) and where there is basal sliding (25km < x < 40 km). The
boundary of transition from the area of the frozen basal ice to the area of the basal
sliding is diluted due to smoothing of the inverted friction coefficient by the stabilizer.10

The linear friction law provides a good agreement between the observed and modeled
surface velocity distributions along the flow line. Thus, it can be conveniently applied in
the applications (in particular, in the prognostic experiments).

The prognostic experiments reveal that both ice mass and ice stream extents decline
for the reference time-independent mass balance (Bassford et al., 2006). These exper-15

iments demonstrate that the grounding lines have retreated at about 10 km for the three
ice streams considering a time period of 500 years and a steady-state environmental
impact. The ice flow velocities in the ice streams decrease with time due to (a) dimin-
ishing of ice thicknesses and (b) retreating of the grounding lines from the sliding zones
toward the zones where ice is frozen to the bed (inverted friction coefficient distribu-20

tions are considered as time-independent). Thus, the maxima of the ice flow velocities
in the ice streams decrease from ∼ 80–120 to ∼ 20–30 ma−1 These trends in the ice
flow velocities diminish the outgoing ice fluxes and as a result diminish the overall ice
flux. Generally, the modeled histories are in agreement with the observations of sea
ice extent and thickness indicating a continual ice decline in the Arctic.25
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5 Conclusions

The modeled present ice temperatures (Fig. 5) are qualitatively the same in the three
cross-sections. There are resembling zones of relatively cold ice that can be distin-
guished in the modeled temperatures in the middle of the cross-sections. These cold
ice zones reflected the surface temperature minimum about 150–200 years ago in the5

inverted past temperature history (Nagornov et al., 2005, 2006). This surface temper-
ature minimum corresponds to an event that is known as Little Ice Age.

The inversions of the friction coefficient performed for the three cross-sections can
be interpreted as follows. The two levels that are evidently distinguished in the inverted
friction coefficient distributions (Fig. 6) can be explained by changing the physical prop-10

erties of the bedrock along the flow lines. Similarly, the large values of the friction coeffi-
cient at 0km < x < 20 km justify the rock-type bottom where ice is frozen to the bed (the
ice temperature at 0km < x < 20 km is lower than the melting point). The lower values
of the friction coefficient at 25km < x < 40 km presumably indicate the existence of the
till layer (or the sandy layer) at the bottom. Specifically, the till layer provides the basal15

ice sliding.
The prognostic experiments carried out with the reference mass balance (Bassford

et al., 2006) show that the grounding line has been retreated at about 10 km in the
three ice streams considering a time period of 500 years. Similarly, the grounding line
retreats (a) along the C–C′ flow line from ∼ 43 to ∼ 37 km (the distance from the sum-20

mit), (b) along the B–B′ flow line from ∼ 40 to ∼ 30 km, and (c) along the D–D′ flow
line from ∼ 41 to ∼ 32 km considering a time period of 500 years and assuming time-
independent mass balance. In the experiments, the ice flow velocities in the ice streams
decrease with time due to (a) diminishing of the ice thicknesses and (b) retreating of
the grounding lines from the sliding zones toward the zones where ice is frozen to the25

bed. Thus, the maxima of the ice flow velocities in the ice streams decrease from ∼ 80–
120 to ∼ 20–30 ma−1. These trends in the ice flow velocities diminish the outgoing ice
fluxes and as a result diminish the overall ice flux. Generally, the modeled histories are
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in agreement with the observations of sea ice extent and thickness indicating a contin-
ual ice decline in the Arctic.
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Figure 1. After Dowdeswell et al. (2002). Map of Severnaya Zemlya showing the Academy of
Sciences Ice Cap on Komsomolets Island together with the other ice caps in the archipelago:
Rusanov Ice Cap, Vavilov Ice Cap, Karpinsky Ice Cap, University Ice Cap, Pioneer Glacier,
Semenov-Tyan Shansky Glacier, Kropotkin Glacier, Leningrad Glacier. Inset is the location of
Severnaya Zemlya and the nearby Russian Arctic archipelagos of Franz Josef Land and Novaya
Zemlya within the Eurasian High Arctic.
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Figure 2. After Dowdeswell et al. (2002). Corrected interferometrically derived ice surface ve-
locities for the Academy of Sciences Ice Cap. The first two contours are at velocities of 5 and
10 ma−1, with subsequent contours at 10 ma−1 intervals. The unshaded areas of the ice cap
are regions of non-corrected velocity data. The dotted areas represent bare land. The four fast
flowing ice stream central lines are denoted as A–A′, B–B′, C–C′, D–D′, respectively. Velocity
profiles A–A′ to D–D′ are shown in Fig. 11 of Dowdeswell et al. (2002)
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Figure 3. (a) B–B′ flow line profile, which crosses downstream one of the four fast flowing
ice streams in the Academy of Sciences Ice Cap (Fig. 2). (b) C–C′ flow line profile. (c) D–D′

flow line profile. The data of ice surface and ice bed elevations are imported from Fig. 8 of
Dowdeswell et al. (2002).
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Figure 4. (a) The friction coefficient distribution are obtained in the inverse problem for the
linear friction law and for the observed surface velocity distribution along the C–C′ flow line.
(b) The ice surface horizontal velocity distributions along the flow line: 1 – the observed surface
velocity distribution, taken from Fig. 11 of Dowdeswell et al. (2002), 2 – the modeled surface
velocity distribution, which corresponds to the reconstructed friction coefficient in Fig. 4a.
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Figure 5. The temperature distributions within (a) the B–B′ cross-section, (b) C–C′ cross-
section and (c) D–D′ cross-section simulated by the model with the past surface temperature
history based on the paleo-temperature, which is retrieved from the borehole temperature data
(Nagornov et al., 2005, 2006).
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Figure 6. The friction coefficients inverted along (a) B–B′ flow line, (b) C–C′ flow line and (c) D–
D′ flow line. Curve 1 is the first inversion, which is obtained for the linear ice temperature profiles
(the ice temperature approximation for the initial inversions). Curve 2 is the second inversion,
which corresponds to the modeled ice temperature (Fig. 5).
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Figure 7. The surface mass balance elevational distribution along the C–C′ flow line (Bassford
et al., 2006).
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Figure 8. (a) The modeled successive B–B′ cross-section geometries separated by 50 year
intervals from the present to the future 500 years later. (b) A magnified section of (a), showing
the evolution of B–B′ ice shelf.
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Figure 9. (a) The modeled successive C–C′ cross-section geometries separated by 50 year
intervals from the present to the future 500 years later. (b) A magnified section of (a), showing
the evolution of C–C′ ice shelf.
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Figure 10. (a) The modeled successive D–D′ cross-section geometries separated by 50 year
intervals from the present to the future 500 years later. (b) A magnified section of (a), showing
the evolution of D–D′ ice shelf.
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c) 

Figure 11. The modeled grounding line history (a) for B–B′ cross section (b) for C–C′ and
(c) for D–D′ cross section.
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c) 

Figure 12. The modeled outgoing ice flux history (a) for B–B′ cross section (b) for C–C′ and
(c) for D–D′ cross section.
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Figure 13. The overall outgoing ice flux history (the sum of the outgoing fluxes for the three ice
streams: B–B′, C–C′ and D–D′).
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