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Abstract 11 

 12 

The prognostic experiments for fast-flowing ice streams on the southern side of the Academy of 13 

Sciences Ice Cap in the Komsomolets Island, Severnaya Zemlya archipelago, are implemented in 14 

this study. These experiments are based on inversions of basal friction coefficients using a two-15 

dimensional flow-line thermo-coupled model and the Tikhonov’s regularization method. The 16 

modeled ice temperature distributions in the cross-sections were obtained using the ice surface 17 

temperature histories that were inverted previously from the borehole temperature profile derived 18 

at the summit of the Academy of Sciences Ice Cap and employing elevational gradient of ice 19 

surface temperature changes, which is equal to about 6.5 
0
C km

-1
. Input data included InSAR ice 20 

surface velocities, ice surface elevations, and ice thicknesses obtained from airborne 21 

measurements and the surface mass balance, were adopted from previous investigations for the 22 

implementation of both the forward and inverse problems. The prognostic experiments reveal that 23 

both ice mass and ice stream extents decline for the reference time-independent surface mass 24 
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balance. Specifically, the grounding line retreats (a) along the B–B flow line from 40 km to 30 25 

km (the distance from the summit), (b) along the C–C flow line from 43 km to 37 km, and (c) 26 

along the D–D flow line from 41 km to 32 km considering a time period of 500 years and 27 

assuming time-independent surface mass balance. Ice flow velocities in the ice streams decrease 28 

with time and this trend results in the overall decline of the outgoing ice flux. Generally, the 29 

modeled evolution is in agreement with observations of deglaciation of Severnaya Zemlya 30 

archipelago. 31 

 32 

1. Introduction 33 

There are relevant diagnostic observations of glaciers such as digital Landsat imagery and 34 

satellite synthetic aperture radar interferometry (InSAR), airborne measurements, borehole ice 35 

temperature and ice surface mass balance measurements. These observations provide data for 36 

prognostic experiments that allow prediction of future glacier conditions for different climatic 37 

scenarios in the future. These experiments can be performed employing the mathematical 38 

modeling and in this study a two-dimensional ice flow model is applied for prediction of the 39 

future conditions of fast-flowing ice streams on the southern side of the Academy of Sciences Ice 40 

Cap in the Komsomolets Island, Severnaya Zemlya archipelago (Figure 1; Dowdeswell et al., 41 

2002). 42 

The observations were based on digital Landsat imagery and satellite synthetic aperture radar 43 

interferometry (InSAR) and revealed four drainage basins and four fast-flowing ice streams on 44 

the southern side of the Academy of Sciences Ice Cap in the Komsomolets Island, Severnaya 45 

Zemlya archipelago (Figure 2; Dowdeswell et al., 2002). The four ice streams are 17−37 km long 46 

and 4–8 km wide (Dowdeswell et al., 2002). Bedrock elevations of these areas are below the sea 47 

level, and the ice flow velocities attain a value of 70–140 m/a (Figure 2). Such fast flow-line 48 



features are typical for outlet glaciers and ice streams in both the Arctic and the Antarctic. These 49 

ice streams are the major locations of iceberg calving from the Academy of Sciences Ice Cap 50 

(Dowdeswell et al., 2002). 51 

The flow-line profiles of the three ice streams on the southern side of the Academy of Sciences 52 

Ice Cap are shown in Figure 3. Ice flow in these ice streams is simulated with a two-dimensional 53 

flow-line higher-order finite-difference model (e.g., Colinge and Blatter, 1998; Pattyn, 2000, 54 

2002). This model describes an ice flow along a flow line (Pattyn, 2000, 2002). The results of the 55 

diagnostic experiments obtained in (Konovalov, 2012), for instance, for the C–C flow-line 56 

profile show that the ice surface velocity along the flow line attains a value of 100 m/a assuming 57 

that ice is sliding. However, the observed surface velocity distribution along the C–C flow-line 58 

profile (Dowdeswell et al., 2002) is not similar to that obtained by the model experiments for 59 

constant values of friction coefficient and for both linear and nonlinear friction laws (Konovalov, 60 

2012). Similarly, the diagnostic experiments carried out for the B–B and D–D profile data show 61 

the same results for the ice flow velocities. The deviation between the observed and modeled 62 

surface velocities suggests that the friction coefficient should be a spatially variable parameter. 63 

Therefore, to achieve a better agreement between the observed and simulated velocities, the 64 

spatial distribution of the friction coefficients requires to be optimized and an inverse problem 65 

needs to be solved (e.g., MacAyeal, 1992; Sergienko et al., 2008; Arthern and Gudmundsson, 66 

2010; Gagliardini et al., 2010; Habermann et al., 2010; Morlighem et al., 2010; Jay-Allemand et 67 

al., 2011; Larour et al., 2012; Sergienko and Hindmarsh, 2013). 68 

The inversion of friction coefficients is based on the minimization of the deviation between the 69 

observed and modeled surface velocities. A series of test experiments (Konovalov, 2012), in 70 

which modeled surface velocities are used as observations in the inverse problem, have shown 71 

that the inverse problem for the full 2D ice flow-line model is ill posed. More precisely, the 72 



surface velocity is weakly sensitive to small perturbations in friction coefficients, and as a result 73 

the perturbations appear in the inverted friction coefficients (Konovalov, 2012). 74 

Herein, in the prognostic experiments we use the friction coefficients inversions obtained by 75 

applying the Tikhonov’s regularization method, in which Tikhonov’s stabilizing functional is 76 

added to the main discrepancy functional (Tikhonov and Arsenin, 1977). 77 

The inversions of friction coefficient are used in the prognostic experiments for the fast-flowing 78 

ice streams. The considered 2D prognostic experiments are the numerical simulations with the ice 79 

thickness distribution changes performed by the 2D flow-line thermo-coupled model, which 80 

includes diagnostic equations as the heat-transfer equation and the mass-balance equation 81 

(Pattyn, 2000, 2002). In this study, we present the results of the prognostic experiments 82 

performed for the B–B, C–C, and D–D profiles (Figure 3). Specifically, the prognostic 83 

experiments are carried out for the three ice streams (Figure 2) that are the main sources of the 84 

ice flux from the ice cap to the ocean. The results of the prognostic experiments include future 85 

modeled histories of ice thickness distributions along the flow lines of grounding line locations 86 

and outgoing ice fluxes. The surface mass balance in the performed experiments is considered as 87 

time-independent, so the prognostic experiments show the assessment of the minimal ice mass 88 

loss in the ice streams in the future, because the obtained forecasts don’t include for future global 89 

warming. Nevertheless, the results of the prognostic experiments are in agreement with the 90 

observations of ice mass loss on the Severnaya Zemlya archipelago (Moholdt et al., 2012). 91 

 92 

2. Field equations 93 

 94 

2.1. Forward problem: Diagnostic equations 95 

 96 



The 2D flow-line higher-order model includes the continuity equation for incompressible 97 

medium, the mechanical equilibrium equation in terms of stress deviator components (Pattyn, 98 

2000, 2002), and the rheological Glen law (Cuffey and Paterson, 2010): 99 

 100 
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 102 

where (x,z) is a rectangular coordinate system with the x-axis along the flow line and the z-axis 103 

pointing vertically upward; u, w are the horizontal and vertical ice flow velocities, respectively; 𝑏 104 

is the width along the flow-line, ki   is the stress deviator; ki  is the strain-rate tensor;   is the 105 

second invariant of the strain-rate tensor;   is the ice density; g is the gravitational acceleration; 106 

  is the ice effective viscosity; A(T) is the flow-law rate factor; T is the ice temperature; )(xhb , 107 

)(xhs  are the ice bed and ice surface elevations, respectively; and L is the glacier length. 108 

The boundary conditions and some complementary experiments that were carried out applying 109 

this model, were considered in (Konovalov, 2012). In particular, the technique, when the 110 

boundary conditions have been included in the momentum equations (Konovalov, 2012), was 111 

applied in the considered here prognostic experiments. 112 

 113 

2.2. Inverse problem for the friction coefficient  114 

 115 



The inversion of friction coefficient has been carried out using the gradient minimization 116 

procedure for the “smoothing” functional (Tikhonov and Arsenin, 1977): 117 

 118 
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 120 

where uobs are the observed velocities along the flow line and umod are the modeled velocities, the 121 

first integral Φ is the discrepancy and the second integral Ω is the stabilizer (Tikhonov and 122 

Arsenin, 1977), 𝛽 is the regularization parameter, and q(x) is considered equal to 1. The nonzero 123 

value of 𝛽 implies that the inverse problem, i.e., the problem that is based on the minimization of 124 

the discrepancy Φ, is ill posed and the original problem of the discrepancy minimization is 125 

replaced with the problem of the smoothing functional minimization. 126 

The details of the gradient minimization procedure and the problem of the regularization 127 

parameter choice are discussed in (Nagornov et al., 2006; Konovalov, 2012). In this manuscript 128 

the inversions have been obtained for the linear (viscous) friction law, implying the experiments 129 

implemented in (Konovalov, 2012) with the inversions for the C-C’ profile, that have shown a 130 

good agreement between the observed (uobs) and the calculated (umod) surface velocities for the 131 

linear friction law.  132 

 133 

2.3. Prognostic equations 134 

 135 

The thermo-coupled prognostic experiments imply that the 2D flow-line model includes the heat-136 

transfer equation (Pattyn, 2000, 2002): 137 

 138 
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 140 

where   and С  are the thermal diffusivity and the specific heat capacity, respectively. The 141 

terms in the first and in the second brackets respectively define the heat transfer due to heat 142 

diffusion and due to ice advection. The last term is associated with strain heating. 143 

 144 

In this model it is suggested that the ice surface temperature at the Academy of Sciences Ice Cap 145 

varies with an elevational gradient of temperature changes, which is equal to about km/С.56 0 . 146 

Hence, the ice surface temperature distribution along the flow line is defined by the temperature 147 

history at the summit )(0 tTs  and by the elevational changes, and it is expressed as 148 

))()0(()(),( 0 xhhtTtxT ssTss   ,        (4) 149 

where T  is the elevational gradient. Therefore, Equation (4) provides the boundary condition on 150 

the ice surface. However, it should be noted that Eq. (4) does not account firn warming through 151 

refreezing meltwater. 152 

The boundary condition at the ice base is defined by the geothermal heat flux and by the heating 153 

due to the basal friction, and it is expressed as (Pattyn, 2000, 2002) 154 

  bbxz uQ
kz

T
 



 1
,         (5) 155 

where k is the thermal conductivity. 156 

The boundary conditions at the ice (ice-shelf) terminus and at the ice-shelf base are defined by 157 

sea water temperature, which is considered as C2  in this study. 158 

 159 



The ice thickness temporal changes along the flow line are described by the mass-balance 160 

equation (Pattyn, 2000, 2002): 161 

 162 
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 164 

where u  is the depth-averaged horizontal velocity, sM  is the annual surface mass balance, and 165 

bM  is the melting rate at the ice base. 166 

The mass-balance equation requires two boundary conditions at the summit and at the ice 167 

terminus. The first condition at the ice cap summit implies that 0




x

hs . The second condition 168 

applied in the ice terminus originates from the fact that the ice thicknesses in the ice shelf along 169 

the flow line attain a constant value at the terminus. 170 

 171 

2.3. Grounding line evolution  172 

 173 

In the model the grounding line position is defined from the hydrostatic equilibrium (Schoof, 174 

2007; Pattyn et al., 2012; Seroussi et al., 2014). That is, since sea water flow under ice shelf is not 175 

considered in the model and, hence, the pressure in Eq. (10)-(11) from Pattyn et al. (2012) is 176 

equal to hydrostatic pressure, the grounding line position is at the location where 177 

−𝜌𝑤 ℎ𝑟 = 𝐻 𝜌          (7) 178 

and ℎ𝑟 is the bedrock elevation, 𝜌𝑤 is the water dencity. 179 

 180 



3. Results of the numerical experiments 181 

 182 

3.1 Inversions for the friction coefficient  183 

 184 

For the first run of the friction coefficient inversions, the linear ice temperature profile 185 

approximation is applied. Specifically, it is assumed that the ice temperature linearly increases 186 

from 15°C at the surface to 5°C at the ice base at the division and increases from 2°C to 187 

1°C at the grounding line. Figure 4(a) shows the inverted friction coefficient distribution along 188 

the C–C flow line. The retrieved friction coefficient gradually decreases from 3.5  10
3
 Pa a 189 

m
1

 to a mean value of 5  10
2
 Pa a m

1
 within a distance of around 25 km < x <40 km (Figure 190 

4(a)). The difference between the simulated and observed surface velocities is relatively small 191 

(Figure 4(b)) (Konovalov, 2012). 192 

The inverted friction coefficient distributions along the B–B and D–D flow lines show 193 

qualitatively the same trends, i.e., they gradually decrease along the flow line from a high to a 194 

lower level. 195 

After the first run of the inversions, the ice temperature simulations are performed for inverted 196 

friction coefficients and boundary conditions (4) and (5). Boundary condition (4) includes the 197 

temperature history )(0 tTs . In particular, if the history is the past temperature (Nagornov et al., 198 

2005, 2006), which was inverted previously from the borehole temperature profile derived at the 199 

summit of the Academy of Sciences Ice Cap (Zagorodnov, 1988; Arkhipov, 1999), i.e. the 200 

temperature history over the past 1000 years to present day (Nagornov et al., 2005, 2006), - then 201 

we would expect the simulated output temperature close to the real present temperature in the ice 202 

stream along the flow line. In other words, the modeled temperature will be close to the present 203 

temperature (in the year when borehole measurements were performed), assuming a good 204 



agreement between the model results and the real physical processes that occur in the glacier, 205 

which are in general described by the model. The past surface temperature history, which was 206 

applied in the simulations of the present ice temperature, was adopted from Nagornov et al. 207 

(2005, 2006). The modeled present temperature distributions along the B–B, C–C and D–D 208 

cross-sections are shown in Figure 5. 209 

For the second run of the basal friction coefficient inversions, the modeled temperature 210 

distributions are applied (the modeled temperature is defined from Eq. (3)..(5)). The inverted 211 

friction coefficients (i) for the linearly approximated ice temperature and (ii) for the modeled ice 212 

temperature are shown in Figure 6. Generally, the distinctions in the friction coefficients are 213 

insignificant, and, therefore, the ice temperature approximations can be applied in the inverse 214 

problem as the first iteration of the ice temperature distribution in the glacier. 215 

 216 

3.2. Prognostic experiments 217 

 218 

The main input data along with flow-line profiles for the prognostic experiments, namely, the 219 

surface mass balance, are adopted from Bassford et al. (2006). Figure 7 shows the elevational 220 

mass-balance distribution along the C–C flow line, i.e., it shows how the surface mass balance 221 

changes with elevation in the C–C direction (Bassford et al., 2006). For the B–B and D–D flow 222 

lines, the elevational mass-balance distributions are qualitatively the same (Bassford et al., 2006). 223 

In the prognostic experiments that have been carried out, the mass balance is considered as time-224 

independent. That is, the elevational mass-balance distributions are kept unchanged for the 225 

considered time period in the future. Thus, we intend to assess the maximum ice thickness in the 226 

ice streams in the future, because the forecasts implemented with the time-independent surface 227 

mass balance, don’t imply a future global warming and, so, they don’t suggest a future decreasing 228 



of the surface mass balance sM  in Eq.(6). Similarly, the ice surface temperature is suggested to 229 

be time-independent but dependent on elevation, i.e., according to Eq. (4), it is changed with 230 

elevation with a constant value of )(0 tTs . From the borehole temperature measurements, the 231 

present ice surface temperature at the summit is about C2.7  . The initial ice temperatures 232 

applied in the prognostic experiments are shown in Figure 5. 233 

Despite that future warming scenarios are not included into the prognostic experiments, the 234 

modeled ice cap response to the present environmental impact, which is reflected in the 235 

elevational mass-balance distribution (Bassford et al., 2006), reveals that the ice thicknesses 236 

gradually diminish along all the three flow lines. Figures 8(a)–10(a) show the modeled successive 237 

ice surfaces divided into 50-year time intervals for the B–B, C–C, and D–D profiles, 238 

respectively. Figures 8(b)–10(b) show the same results as Figures 8(a)–10(a), respectively, but 239 

these complementary figures show the evolutions of the three ice shelves in more detail. The 240 

prognostic experiments are performed by applying a rectangular ice-shelf geometry. The 241 

cumulative impact of sea water, surface mass balance, and ice flow changes in the glacier has 242 

produced the future modeled ice shelve geometries. The ancillary black circles in Fig. 8(a,b)–243 

10(a,b) are aligned with the grid nodes and, thus, they show the spatial resolution, at which the 244 

prognostic experiments have been implemented. The spatial resolution is irregular and it 245 

decreases from about 2 ∙ 103 m at the summit to about 10
2
 m in the grounding line vicinity and in 246 

the ice shelf. The spatial grid is considered unchangeable throughout the period of the modeling.  247 

The grounding line history, i.e., grounding line retreat or advance, specifically reflects the 248 

growing or diminishing ice mass, i.e., the history is an indicator of the glacier evolution. The 249 

grounding line retreats (a) along the B–B flow line from 40 km to 30 km (Fig. 11 (a)), (b) 250 

along the C–C flow line from 43 km to 37 km (Fig. 11 (b)), and (c) along the D–D flow line 251 

from 41 km to 32 km (Fig. 11 (c)) considering a time period of 500 years. 252 



Furthermore, the results of the prognostic experiments can be likewise treated suggesting a 253 

changes in the friction coefficient. The glacier terminus, currently fast flowing and therefore at 254 

pressure melting, becomes eventually frozen to the ground – ice thickness insufficient to insulate 255 

from cold athmosphere and reduced driving stress and strain heating. So basal friction 256 

coefficients could change drastically, given the simulated changes in glacier geometry. 257 

The ice flow velocities in the ice streams decrease with time and this trend diminishes the 258 

outgoing ice fluxes in the future. Figure 12 shows the modeled outgoing ice flux histories, i.e., it 259 

shows how the value bHu , which is defined at the ice-shelf terminus, changes with time. 260 

Accordingly, figure 13 shows the future history of the overall outgoing ice flux, i.e., it is the sum 261 

of the three future modeled historical trends that are shown in Fig. 12.  262 

There are small peaks that periodically disturb main historical trends of the three outgoing ice 263 

fluxes. Every peak reflects ice calving at the ice-shelf terminus. Similarly, the ice calving 264 

provides a sudden change in the value of the outgoing ice flux ( bHu ) due to a sudden change in 265 

the ice thickness ( H ) at the terminus. Considering a complex environmental impact on ice 266 

shelves (Bassis et al., 2008), from the mathematical point of view it can be suggested that the 267 

calving processes are described by a stochastic model. Hence, the overall annual (or decadal) 268 

sizes of the anticipated ice debris can be described by a frequency distribution function. In the 269 

model In the model the periodic calving of equal-size debris is considered, i.e.,  -function is 270 

considered as the frequency distribution function.  271 

In this model the both ice-shelf length and ice-shelf thickness at the terminus are considered as 272 

the variables that should satisfy a certain conditions. If the ice-shelf length exceeds a value 𝑙𝑐𝑟 273 

(the parameter of the model) or the ice-shelf thickness beside the terminus becomes smaller than 274 

a value 𝐻𝑐𝑟, then the calving of the appropriate part of ice occurs in the model. To investigate the 275 

impact of the parameters on the results of the modeling, the parameters were varied in a series of 276 



the experiments. However, the simulation reveals that the mass balance, friction coefficient, ice 277 

temperature have the main impact to the assessment of the grounding line retreat derived by the 278 

modeling. 279 

 280 

4. Discussion 281 

 282 

Numerical experiments carried out in the 2D model using the randomly perturbed friction 283 

coefficient have revealed that the horizontal surface velocity is weakly sensitive to the 284 

perturbations (Fig. 4 from Konovalov (2012)). Thus, the perturbations appear on the x-distributed 285 

inverted friction coefficient. Therefore, the inverse problem should be considered as ill posed 286 

because the weak sensitivity of the surface velocity to the perturbations in the friction coefficient 287 

justifies the instability in the inverse problem. In other words, the instability in the inverse 288 

problem means that small deviations in the observed surface velocities allow significant 289 

perturbations in the friction coefficient. Hence, the application of the regularization method is 290 

justified. 291 

The Tikhonov’s method that is based on the application of the stabilizing functional reduces the 292 

effects of perturbations proportionally to the regularization parameter 𝛽 (Tikhonov and Arsenin, 293 

1977). A further increase in the parameter leads to a reduction in the real spatial variability of the 294 

friction coefficients. 295 

The reduction in the existent friction coefficient variability is associated with a growing 296 

discrepancy between the observed and modeled surface velocities. Thus, the regularization 297 

parameter is chosen as the value at which nonexistent perturbations are reduced, but the real 298 

variability of the friction coefficient is not completely reduced by the stabilizing functional. The 299 

optimal value of the regularization parameter can be defined approximately in the curve, which is 300 



the deviation between the observed and modeled surface velocities versus the regularization 301 

parameter (Leonov, 1994; Konovalov, 2012). 302 

Evidently, the stabilizing functional narrows down the range of possible inverted x-distributions 303 

of the friction coefficients. Thus, it is supposed a priori that the real spatial distribution of the 304 

friction coefficient with respect to the x-axis is a smooth function. Moreover, the friction 305 

coefficient in the friction laws is considered as a constant (e.g., Van der Veen, 1987; MacAyeal, 306 

1989; Pattyn, 2000; Gudmundsson, 2011). Hence, the friction coefficient inversion performed for 307 

the three cross-sections can be interpreted as follows.  308 

The two evidently distinguished levels in the inverted friction coefficient distributions can be 309 

explained by changing the physical properties of the bedrock along the flow lines. Similarly, the 310 

large values of the friction coefficient at 0 km < x < 20 km justify the rock-type bottom where ice 311 

is frozen to the bed (the ice temperature at 0 km < x < 20 km is lower than the melting point). The 312 

lower values of the friction coefficient at 25 km < x < 40 km presumably indicate the existence of 313 

water-saturated till layer at the bottom (e.g., Engelhardt et al., 1978; Engelhardt et al., 1979; 314 

Boulton, 1979; Boulton and Jones, 1979; MacAyeal, 1989; Engelhardt and Kamb, 1998; Iverson 315 

et al., 1998; Tulaczyk et al., 2000). Specifically, the till layer (deformable basal sediments) 316 

provides the basal ice sliding.  317 

The modeled present ice temperatures (Figure 5) are qualitatively the same in the three cross-318 

sections. There are resembling zones of relatively cold ice that can be distinguished in the 319 

modeled temperatures approximately in the middle (in vertical dimension) of each cross-section. 320 

These cold ice zones reflected the surface temperature minimum about 150–200 years ago in the 321 

inverted past temperature history (Nagornov et al., 2005, 2006). This surface temperature 322 

minimum corresponds to an event that is known as Little Ice Age. Thus, surface boundary 323 

conditions (4), and diffusive and advective heat transfers provide the basal ice temperature that 324 

mainly varies in the range C9to4   at 25 km < x < 40 km. Therefore, the modeled basal ice 325 



temperature becomes lower than the melting point. Hence, the modeled ice temperatures justify 326 

the sliding due to the existence of till layer at the bottom (Engelhardt et al., 1978; Engelhardt et 327 

al., 1979; Boulton, 1979; Boulton and Jones, 1979; MacAyeal, 1989; Engelhardt and Kamb, 328 

1998; Iverson et al., 1998; Tulaczyk et al., 2000). 329 

However, note that the heat-transfer model considered here does not account for the melt water 330 

refreezing in the subsurface firn layer (Paterson and Clarke, 1978). The numerical experiments 331 

carried out in Paterson and Clarke (1978) have shown that the heat source demonstrated 332 

significant impact due to melt water refreezing of the ice temperature profiles depending on the 333 

melt water percolation depth. Thus, the notion that the basal ice temperature is higher than the 334 

modeled temprature and could reach the melting point cannot be fully excluded.  335 

General formulations of the friction laws assume that the appropriate equations include the 336 

effective basal pressure (e.g., Budd et al., 1979; Iken, 1981; Bindschadler, 1983; Jansson, 1995; 337 

Vieli et al., 2001; Pattyn, 2000). Introduction of the hydrostatic pressure in Equation (2) does not 338 

provide a constant value of the inverted friction coefficient at x > 25 km. The inversion 339 

performed for the nonlinear Weertman-type friction law reveals similar variations in the inverted 340 

friction coefficient at x > 25 km (Konovalov, 2012). The similar variability in the inverted 341 

friction coefficients obtained for both the linear and nonlinear friction laws (Konovalov, 2012) 342 

implies that the physical properties of the bedrock layer change according to the friction 343 

coefficient distribution along the flow line. In particular, the presence of water in the bedrock 344 

layer can be explained by the low bed elevations in the areas of fast-flowing ice streams (e.g., 345 

Knight, 1999; Vieli et al., 2001) or by a hydrological processes (e.g., Röthlisberger, 1972; Nye, 346 

1976; Hewitt, 2011; Hoffman and Price, 2014). Therefore, the water content in the bedrok layer 347 

can vary in agreement with the bed elevation changes, and the enhancement of water content at 348 

lower elevations provides a decrease in the friction coefficient in the corresponding areas. 349 



Finally, two areas can be distinguished in the bedrock, where basal ice is frozen to the bed (0 km 350 

< x <20 km) and where there is basal sliding (25 km < x < 40 km) due to the till layer. The 351 

boundary of transition from the area of the frozen basal ice to the area of the basal sliding is 352 

diluted due to smoothing of the inverted friction coefficient by the stabilizer. The linear friction 353 

law provides a good agreement between the observed and modeled surface velocity distributions 354 

along the flow line. Thus, it can be conveniently applied in the applications (in particular, in the 355 

prognostic experiments). 356 

The prognostic experiments reveal that both ice mass and ice stream extents decline for the 357 

reference time-independent mass balance (Bassford et al., 2006). These experiments demonstrate 358 

that the grounding lines have retreated at about 10 km for the three ice streams considering a time 359 

period of 500 years and a steady-state environmental impact, which is meant a constant elevation-360 

dependent surface mass balance. The ice flow velocities in the ice streams decrease with time due 361 

to (a) diminishing of ice thicknesses (and thus decreasing driving stress) and (b) retreating of the 362 

grounding lines from the sliding zones toward the zones where ice is frozen to the bed (inverted 363 

friction coefficient distributions are considered as time-independent). Thus, the maxima of the ice 364 

flow velocities in the ice streams decrease from 80–120 m/a to 20–30 m/a. These trends in the 365 

ice flow velocities diminish the outgoing ice fluxes (Fig. 12) and as a result diminish the overall 366 

ice flux (Fig. 13).  367 

The observations in the Russian High Arctic (Moholdt et al., 2012) have revealed that over the 368 

period between October 2003 and October 2009 the archipelagos have lost ice at a rate −9.1 ±369 

2.0 𝐺𝑡 𝑎−1. Other this period the ice loss from Severnaya Zemlya is evaluated as −1.4 ±370 

0.9 𝐺𝑡 𝑎−1 (Moholdt et al., 2012). The modeling shows that other this period the Academy of 371 

Sciences Ice Cap (the largest of the ten glaciers located on Severnaya Zemlya) could lose about 372 

0.2. .0.3 𝐺𝑡 𝑎−1 (Fig. 13). 373 



 374 

5. Conclusions 375 

 376 

The modeled present ice temperatures (Figure 5) are qualitatively the same in the three cross-377 

sections. There are resembling zones of relatively cold ice that can be distinguished in the 378 

modeled temperatures in the middle of the cross-sections. These cold ice zones reflected the 379 

surface temperature minimum about 150–200 years ago in the inverted past temperature history 380 

(Nagornov et al., 2005, 2006). This surface temperature minimum corresponds to an event that is 381 

known as Little Ice Age. 382 

The inversions of the friction coefficient performed for the three cross-sections can be interpreted 383 

as follows. The two levels that are evidently distinguished in the inverted friction coefficient 384 

distributions (Figure 6) can be explained by changing the physical properties of the bedrock 385 

along the flow lines. Similarly, the large values of the friction coefficient at 0 km < x < 20 km 386 

justify the rock-type bottom where ice is frozen to the bed (the ice temperature at 0 km < x <20 387 

km is lower than the melting point). The lower values of the friction coefficient at 25 km < x <40 388 

km presumably indicate the existence of the till layer (or the sandy layer) at the bottom. 389 

Specifically, the till layer provides the basal ice sliding. 390 

The prognostic experiments carried out with the reference mass balance (Bassford et al., 2006) 391 

show that the grounding line has been retreated at about 10 km in the three ice streams 392 

considering a time period of 500 years. Similarly, the grounding line retreats (a) along the C–C 393 

flow line from 43 km to 37 km (the distance from the summit), (b) along the B–B flow line 394 

from 40 km to 30 km, and (c) along the D–D flow line from 41 km to 32 km considering a 395 

time period of 500 years and assuming time-independent mass balance. In the experiments, the 396 

ice flow velocities in the ice streams decrease with time due to (a) diminishing of the ice 397 



thicknesses and (b) retreating of the grounding lines from the sliding zones toward the zones 398 

where ice is frozen to the bed. Thus, the maxima of the ice flow velocities in the ice streams 399 

decrease from 80–120 m/a to 20–30 m/a. These trends in the ice flow velocities diminish the 400 

outgoing ice fluxes and as a result diminish the overall ice flux (Figure 13). The modeled 401 

evolution of the ice streams is in agreement with observations of ice mass loss on Severnaya 402 

Zemlya archipelago (Moholdt et al., 2012). 403 
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 530 

 531 

 532 

Figure 1 (after Dowdeswell et al. (2002)). Map of Severnaya Zemlya showing the Academy of 533 

Sciences Ice Cap on Komsomolets Island together with the other ice caps in the archipelago: 534 

Rusanov Ice Cap, Vavilov Ice Cap, Karpinsky Ice Cap, University Ice Cap, Pioneer Glacier, 535 

Semenov-Tyan Shansky Glacier, Kropotkin Glacier, Leningrad Glacier. Inset is the location of 536 

Severnaya Zemlya and the nearby Russian Arctic archipelagos of Franz Josef Land and Novaya 537 

Zemlya within the Eurasian High Arctic. 538 

  539 



 540 

 541 

 542 

 543 

Figure 2 (after Dowdeswell et al. (2002)). Corrected interferometrically derived ice surface 544 

velocities for the Academy of Sciences Ice Cap. The first two contours are at velocities of 5 and 545 

10 m a
-1

, with subsequent contours at 10 m a
-1

 intervals. The unshaded areas of the ice cap are 546 

regions of non-corrected velocity data. The dotted areas represent bare land. The four fast 547 

flowing ice stream central lines are denoted as A-A', B-B', C-C', D-D', respectively. Velocity 548 

profiles A-A' to D-D' are shown in Figure 11 of Dowdeswell et al. (2002) 549 
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Fig. 3 (c) 557 

 558 

Figure 3. (a) B-B’ flow line profile, which crosses downstream one of the four fast flowing ice 559 

streams in the Academy of Sciences Ice Cap (Fig. 2). (b) C-C’ flow line profile. (c) D-D’ flow 560 

line profile. The data of ice surface and ice bed elevations are imported from Figure 8 of 561 

Dowdeswell et al. (2002).  562 
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Fig. 4 (a) 566 
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Fig. 4 (b) 569 

Figure 4. (a) The friction coefficient distribution are obtained in the inverse problem for the 570 

linear friction law and for the observed surface velocity distribution along the C-C' flow line. (b) 571 

The ice surface horizontal velocity distributions along the flow line: 1 – the observed surface 572 

velocity distribution, taken from Figure 11 of Dowdeswell et al. (2002), 2 - the modeled surface 573 

velocity distribution, which corresponds to the reconstructed friction coefficient in Fig. 4,a. 574 
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 576 

 577 

Fig. 5 (a) 578 

 579 

Fig. 5 (b) 580 

 581 

Fig. 5 (c) 582 

Figure 5. The temperature distributions within (a) the B-B' cross-section, (b) C-C' cross-section 583 

and (c) D-D' cross-section simulated by the model with the past surface temperature history based 584 

on the paleo-temperature, which is retrieved from the borehole temperature data (Nagornov et al., 585 

2005, 2006). 586 
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Fig. 6 (b) 591 
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Fig. 6 (c) 593 

 594 

Figure 6. The friction coefficients inverted along (a) B-B' flow line, (b) C-C' flow line and (c) D-595 

D' flow line. Curve 1 is the first inversion, which is obtained for the linear ice temperature 596 

profiles (the ice temperature approximation for the initial inversions). Curve 2 is the second 597 

inversion, which corresponds to the modeled ice temperature (Fig. 5). 598 
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Figure 7. The surface mass balance elevational distribution along the C-C' flow line (Bassford et 607 

al., 2006).  608 
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Fig. 8 (a) 611 
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Fig. 8 (b) 613 

 614 

Figure 8. (a) The modeled successive B-B' cross-section geometries separated by 50-year 615 

intervals from the present to the future 500 years later. (b) A magnified section of panel (a), 616 

showing the evolution of B-B' ice shelf.  617 
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Fig. 9 (a) 620 
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Fig. 9 (b) 622 

 623 

Figure 9. (a) The modeled successive C-C' cross-section geometries separated by 50-year 624 

intervals from the present to the future 500 years later. (b) A magnified section of panel (a), 625 

showing the evolution of C-C' ice shelf.  626 
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Fig. 10 (a) 629 
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Fig. 10 (b) 631 

 632 

Figure 10. (a) The modeled successive D-D' cross-section geometries separated by 50-year 633 

intervals from the present to the future 500 years later. (b) A magnified section of panel (a), 634 

showing the evolution of D-D' ice shelf.  635 
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Fig. 11 (a) 638 
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Fig. 11 (b) 640 
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Fig. 11 (c) 642 

 643 

Figure 11. The modeled grounding line history (a) for B-B' cross section (b) for C-C' and (c) for 644 

D-D' cross section.  645 
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Fig. 12 (a) 648 
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Fig. 12 (b) 650 
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Fig. 12 (c) 652 

 653 

Figure 12. The modeled outgoing ice flux history (a) for B-B' cross section (b) for C-C' and (c) 654 

for D-D' cross section.  655 
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 662 

Figure 13. The overall outgoing ice flux history (the sum of the outgoing fluxes for the three ice 663 

streams: B-B', C-C' and D-D'). 664 
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