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Abstract. At scales much longer than the deterministic predictability limits (about 10 days), the statistics of the atmosphe
undergoes a drastic transition, the high frequency weatheasi@sandom forcing on the lower frequency macroweather. In
addition, up to decadal and centennial scales the equivalent radiative forcings of solar, volcanic and anthropogetionserturba
are small compared to the mean incoming solar flux. This iestthe common practice of reducing forcings to radiative
equivalents (which are assumed to combine linearly), as well as the development of linear stochastic models, including
forecasting at monthly to decadal scales.

In order to clarify the validityf the linearity assumption and determine its scale range, we use last Millennium simulations, bott
with the simplified ZebiacCane (ZC) model and the NASA GISS-R2fully coupled GCM. We systematically compare the
statistical properties of solar onlypleanic only and combined solar and volcanic forcings over the range of time scales from one
to 1000 years. We also compare the statistics to multiproxy temperature reconstructions. The main findings are: a) that
variability of the ZC and GCM modelseatoo weak at centennial and longer scales, b) for longer than 150 years, the solar anc
volcanic forcings combine subadditively (nonlinearly) compounding the weakness of the response, c) the models display anot
nonlinear effect at shorteime scales: leir sensitivities are much higher for weak forcing than for strong forcing (their

intermittencies are different) and we quantify this with statistical scaling exponents.

1. Introduction
1.1 Linearity versus nonlinearity

The GCM approach to climate mouhg) is based on the idea that whereas weather is an initial value problem, the climate is
boundary value problertBryson, 1997 Pielke, 1998 This means that although the weatherOs sensitive dependence on initia
conditions (chaos, the Obutterfly effectO) leads to a loss of predictability at time scales of about 10 days, neverttgiess av
over enough OweatherO leads to a convergerernmtelOs OclimateO. This climate is thus the state to which averages of mod
outputs converge for fixed atmospheric compositions and boundary conditions (i.e. control runs).

The question then arises as to the response of the system to small chatlgeddondary conditions: for example
anthropogenic forcings are less than 2 W/and at least over scales of several years, solar and volcanic forcings are of similai
magnitude or smaller (see e.g. Fig. 1a and the quantification in Fig. 2). These narelafrthe order of 1% of the mean solar

radiative flux so that we may anticipate that the atmosphere responds fairly linearly. This is indeed that usual asedritption a
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justifies the reduction of potentially complex forcings to overall radiative fosc{sgeMeehl et al., 2004or GCM
investigations at annual scales dth@ahsen et al., 200r greenhouse gasedHowever, at long enmh scales, lineayit clearly
breaks down, indeed starting with the celebrated ODaisy worldO (Wadsbn and Lovelock, 1983thereis a whole literature
that uses energy balance models to study the strongly nonlinear interactions/feedbacks between global temperaturessand alb
There is no debate that temperatalieedo feedbacks are important at the multimillenial scales of [d@ak interglacial
transitions. While some authors (eRpques et al.,, 20}4use time scales as short as 200 years for the criticallbeelo
feedbacks, otherBave assumed that the temperature response to solar and volcanic forcings over the last millennium ¢
reasonably linear (e.gstvand et al., 2014Rypdal and Rypdal, 20}4while Pelletier(1998 andFraedrich et al., (20Q%ssume
linearity to even longer scales.

It is therefore important testablish the times scales over which linear responses are a reasonable assumption. Howev
clearly even over scales where typical responses to small forcings are relatively linearpdhseresay be nonlineaf the

forcing isBvolcanic or volcanielike, i.e. if it is sufficiently OspikeyO or intermittent.

1.2 Atmospheric variability: scaling regimes

Before turning our attention to models, what can we learn empirically? Certainly, at high enough frequencies (the weatt
regime), the atmosphere is highly nonlinear. However, at about ten days, the atmosphere undergoes a drastic tramsigion to a |
frequency regime, and this OmacroweatherO regime is potentially lqesesi in its responses. Indeed, the basic atmospheric
scaling regimes were identified some time agoimarily using spectral analys{sovejoy and Schertzer, 198Belletier, D98,
Shackleton and Imbrie, 199Bluybers and Curry, 2006However, the use of real space fluctuations provided a clearerepictur
and a simpler interpretation. It also showed that the usual view of atmospheric variability, as a sequence of narromgescale re
processes (e.g. nonlinear oscillators), has seriously neglected the main source of variability, namely the scaling ®backgrt
spectrum@Lovejoy, 2014. What was found is that for virtually all atmospheric fields, there was a transition from the behavior

of the mean temperature fluctuations scal(mr (At)) 1 At with H>0 to a lower frequency scaling regime wik( at scées

I ¢ >! 10 days; the macroweather regime. The trasntion scale of around 10 days, can be theoretically predicted on the basi
the scaling of the turbulent wind due to solar forcing (via the imposed energy rate densibovegey and Schertzer, 2010
Lovejoy and Schertzer, 20LBovejoy et al., 2011 Whereas the weather is naturally identified with the high frequéndy
regime and with temperature values Owandering® up andlidevan drunkardOs walk, the lower frequeHcy0 regime is
characterized by fluctuations tending to cancel@etfectively starting to converge. This converging regime is a low frequency
type of weather, described as Omacroweathes@joy, 2013 Lovejoy et al., 2013 For the GCM control runs, macroweather
effectively continue to asymptotically long times; in the real world, it continues to time scales®0 ¥@ars (industrial) and
50-100 years (préndustrial) after which a new >0 regime is observed; it is natural to associate this new regime with the
climate (sed-ig. 5 ofLovejoy et al., 2013 see alsd-ranzke et al., 20330ther papers analyzing macroweather scaling include
KoscielnyBunde et al., (1998 Eichner et al., (2003 Kantelhardt et al., (2006 Rybski et al., (2006 Bunde et al., (2005
“stvand et al., (201%; Rypdal and Rypdal, (20}4Fredriksen and Rypdal2015.

The explanation for the OmacroweatherO to climate transition (at.segleears to be that over the OmacroweatherO time
scales- where the fluctuations are Ocancellingfher, slow processes which presumably include bgtarnal climate forcings

and other slow (internal) laride or biogeochemical processBsecome stronger and stronger. At some poihg X their
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variability dominatesA significant point where opinions diverge is the value of the global transicale! . during the

preindustrial Holoceneand the possibility that there are large regional variatiors imluring the Holocene so that Greenland

ice core data may not be globally representatieel.ovejoy (20153 for a discussion

1.3 Scaling in the numerical models

There have been several studies of the low frequency control run responses of\BAMsN et al., 2004Zhu et al., 2006
Fraedrich et al., 2009.ovejoy et al., 2013Fredriksen and RypdaR015) finding that they are scaling down to their lowest
frequencies. This scaling is a congenqce of the absence of a characteristic time scale for thdiloegnodel convergence; it
turns out that the relevant scaling exponents are very small: empirically the GCM convergence is OulttawjoyCet al.,
2013 (section 3.4). Most earlierwgdies focused on the implications of the lddgange statistical dependencies implicit in the
scaling statistics. Unfortunately, due to this rather technical focus, the broader implications of the scaling havewid¢lgeen
appreciated.

More recently using scaling fluctuation analysis, behavior has been put into the general theoretical framework of GCI
climate modelingLovejoy et al., 2018 From the scaling point of view, it appears that the climate arises as a consequence ¢
slow internal climateprocesses combined with external forcings (especially volcanic and-safat in the recent period
anthropogenic forcings). From the point of view of the GCMs, the low frequency (multicentennial) variability arises dxclusive
as a response to exterfiatcings, although potentiallywith the addition of (known or currently unknown) slow processes such
as landice or biogeochemical processesew internal sources of low frequency variability could be included. Ignoring the
recent (industrial) periodand confining ourselves to the last millennium, the key question for GCM models is whether or not
they can reproduce the climate regime where the decline of the OmacroweatherO flugtuatijassarrested and the increasing
H >0 climate regime fluctuations begin. In a recent publicatimvejoy et al., 2018 four GCMs simulating the last millennium
were statistically analyzed and it was found that their low frequency variability (especially below (IHOwas)somewhat
weak and this was linked to both the weakness of the solar forcings (when using shamsgrbsolar reconstructions with(),
andb for strong volcanic forcings with the statistical type of the forcindi &0, Lovejoy and Schertzer, 201,2Bothe et al.,

2013ab; Zanchettin et al., 2013ee als@anchettin et al., 201fdr the dynamics on centennial time scales)

1.4 This paper

The weakness of the responses to solar and volcanic forcings at multicentennial scales raises question a linearity tieestion:
response of the combined (solar plus volcanic) forcing roughly the sum of the individual responses? Additivity is acidy impl
assumed when climate forcings are reduced to their equivalent radiative forcingsmmeét al., (200palready pointed out that

b at least- in the ZebiaeCane (ZC) model discussed below that they are not additive. Here we more precisely analyze thi
guestion and quantifthe degree of subdditivity as a function of temporal scale (section 3.4). A related linear/nonlinear issue
pointed out byClement et al., (1996is thatdue to the nonlinear model response, there is a high sensitivity to a small forcing
and a low sensitivity to a large forcing. Systems in which strong amd eeents have different statistical behaviors display
stronger or weaker OclusteringO and are often termed OintermittentO (from turbulence). When they are also scalingj the we
strong events are characterized by different scaling exponents thafyghant the respective clustering changes with scale. In

section 4, we investigate this quantitatively and confirm that it is particularly strong for volcanic forcing, and thatZGr t
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model the response (including that of a GCM), is much less interpitimplying that the model strongly (and
nonlinearly) smooths the forcing.

In this paper, we establish analysis methodologies that can address these issues and apply them to model outputs
cover the the required range of time scales: Last Milleniumdahoutputs. Unfortunately although we consider the NASA
GISS E2R Last Millenium simulations, there seem to be no full Last Millenium GCM simulations that have the entire suite o
volcanic only, solar only and solar plus volcanic forcings and respotimefore we have use the simplified Zebdne
model outputs published Byann et al., (2006(and even this lacked control runs to directly quantify the internal variability)

Although the Zebial®Cane model lacks several important mechanisrogably for our purposes deep ocean dynamics
there are clearly sources of low frequency variability present in the niatedxampleGoswamiand Shukla, (1991using360
yearcontrol runs found multidecadal and multicentennial nonlinear variabdiligyto the feedbacks between SST anomalies, low
level convergence and atmospheric heating. In addition, in justifying his Millenium ZC 8onalgMann et al., 2006

specifically cited model centennial scale variability as a fagtotivating their study

2. Data and analysis
2.1 Discussion

During the preindustrial part of the last millennium, the atmospheric composition was roughly constant, and the earthOs orbi
paramegrs varied by only a small amount. The main forcings used in GCM climate models over this period are thus solar a
volcanic (in the GISE2-R simulations discussed below, reconstructed land use changes are also simulated but tt
corresponding forcings areomparatively weak and will not be discussed further). In particular, the importance of volcanic
forcings was demonstrated Binnis et al., (199Bwho investigatedhe volcanic radiative forcing caed by the 1991 eruption
of Mount Pinatubo, and found that volcanic aerosols produced a strong cooling effiect.Shindell et al., (2003used a
stratosphereesolving general circulation model to examine the effect of the volcanic aerosols and solar irradiance variability ¢
pre-industrial climate change. They found that the best agreement with historical and proxy data was obtainesthusing b
forcings. Howeversolar and volcanic forcings induce different responses because the stratospheric and surface influences in
solar case reinforce one another but in the volcanic case they are opposed. In addition, there are important diffekmces i
and volcanic temporal variabilities (including seasonality) that statistically link volcanic eruptions with the onset c\ERE&O
(Mann et al.,, 2006 Decreased solar irradiance cools the surface and stratosfveeknell and Varotsos 2007, 2011;
Kondratyev and Varotsos, 199%). In contrast, volcanic ertipns cool the surface, but aerosol heating warms the sunlit lower
stratosphereShindell et al., 2003yliller et al., 2012. This leads to an increased meridional gradient in the lower stratosphere,
but a reduced gradient in the tropopause re@@drandra et al., 199&arotsos et al.1994,2009).

Vyushin et al., (2004suggested that volcanic forcings improve the low frequency variability scaling performance of
atmospher@cean models compared to all other forcings (see however the commBlnioler and Fraedrich, (20Q4which
also discusses earlier papers on the field e.g. Fraedrich and Blender, B16A8%r and Fraedrich, (2004Veber, (200bused
a set of simulations with a climate model, driven by reconstructed forcings in order to study the Northern Hemisphe
temperature response to volcanic and solar forcing, during-18980. It was concluded that thesppnse to solar forcing

equilibrates at interdecadal timescales, while the response to volcanic forcing never equilibrates due to the fadnteat the t
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interval between volcanic eruptions is typically shorter than the dissipation time scale of the systexte (in fact they
are scaling so that eruptions occur over all observed time scales, see below).

At the same time, Mann et al. (2005) investigated the response of El Ni—o to natural radiative forcing changes duri
10001999, by employing the ZebiBikcane model for the coupled oc@aitmosphere system in the tropical Pacific. They found
that the composite feedback of the volcanic and solar radiative forcing to past changes, reproduces the fluctuations in
variability of the historic El Ni—o recordg.g., Efstathiou et al., 2011; Varotsos 2013)

Finally, as discussed belowovejoy and Schertzer, (201Ranalysed the time scale dependence of several solar
reconstructions.ean, (200) Wang et al., (2005 Krivova et al., (200). Steinhilber et al., (2009Shapiro et al., (20)1and the
two main volcanic reconstructio@rowley, (2000 andGao et al., (2008 (referred to as OCrowleyO and OGaoO in the following).
The solar forcings were found to be qualitatively quite different depending on whether the reconstructions were based
sunspots ot’Be isotopes from ice ces with the former increasing with time scale and the latter decreasing with time scale. This
guantitative and qualitative difference brings into question the reliability of the solar reconstructions. By comparisan, the
volcanic reconstructions werefth statistically similar in type; they were very strong at annual and sometimes multiannual scale:

but they quickly decrease with time sc@le<0) explaining why they are weak at centennial and millennial scales. We re

examine these findings below.

2.2 The climate simulation of Mann et al. (2005) using the Zebia&ane model

Mann et al., (200pused theZzebiakbCane model of the tropical Pacific coupled ocBatmosphere systel@ebiak and Cane,
1987 to produce d00realization ensemble for solar forcinglynvolcanic forcing only and combined forcings over the last
millennium. Figure l1la shows the forcings and mean responses of the model which were obtained fron

ftp://ftp.ncdc.noaa.gov/pub/data/paldohate forcing/mann2005/mann2005.tkto anthropogenic effects were included. Mann

et al, (2005 modeled the region between +°3ff latitude - by scaling the Crowley volcanic forcing reconstruction with a
geometric factor 1.57 to take the limited range of latitudes into account. Figure 1b shows the correspondiBgdR51SS
simulation responses for three different forcings as discuss&chimidt et al., (20)3andLovejoy et al., (2018 Although these

were averaged over the northern hemisphere land only (a somewhat different geography than the ZC simulationsgene car

that the low frequencies seem similar even if the high frequencies are somewhat different. We quantify this below.

3. Methods

3.1 Comparing simulations with observations as functions of scale

The ultimate goal of weather and climate modelling (including forecasting) is to make simums'g’p(lﬁ) as close as possible

to observationsrobs(t). Ignoring measurement errors and simplifying the discussion by only considering a single spatia
location (i.e. a single time series), the goal is to achieve simulationél'sw(ﬂf):Tobs(t). However, this is not only very ambitious

for the simulations, even when considering the observat'rpogss(t) is often difficult to evaluate if only becaudata are often

sparse or inadequate in various ways. However, a necessary conditipn(tfer () is the weaker statistical equality:

N . d . .
T (t)iTobs(t) where O= O means equal in probability distributions (we can saydhdd if Pr(a> s)= Pr( b> gwhere OPro

sim
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indicates OprobabilityO). Althougjt (t);];bs (t) is only a necessary (but not sufficient) condition for

Tsim (t) =T

obs

(1), itis much easier to empirically verify.

Starting in the 1990s, with the advent of ensemble forecasting systems, the Rimgkar (RH) method was proposed

d
(Anderson, 1996as a simple nonparastric test of 7, (t) =T, (t) , and this has led to a large literature, including recently
Bothe et al., (2013a). From our perspective there are two limitations of the RH methost, Kiis nonparametric so that its

statistical power is low. More importantly, it essentially tests the equ%ipﬁrm (;) at a single unique time scale/resolution.

This is troublesome since the statistics of g} (t) and T,

Obs(t) serieswill depend on their spaeéme resolutions; recall
that averaging in space alters the temporal statistics, ¥5f, @ata are not only spatially, but also are effectively temporally

smoothed with respect td"1 ° data. This means that eventf, (t) and T

obs

(t) have nominally the same temporal resolutions

they may easily have different high frequency variability. Possibly more importaasiyclaimed irLovejoy et al., (201Band

obs

below - the main difference betweeﬁl.m (t) and T (t) may be that the latter has more low frequency variability than the

former, and this will not be captured by the RH technique which operates only at the highest frequency available. This probl
is indirectly acknowledged, see for example the discussdignrrelations ilMarzban et al., (20)1The potential significance of

the low frequencies becomes obvious wien0 for the low frequency range. In this caBsince the series tends to OwanderO,
small differences in the low frequencies may translate into very large differences in RH, and this even if the highefseapeenci
relatively accurate.

A straightforwardsolution is to use the same basic id2ae. to change the sense of equality from deterministic to
probabilistic (O = O to&- O)bbut to compare the statistics systematically over a range of time scales. The simplest way is t
d
check the equaiy 1 Tsim( t)!: TO!os( t) where#T is the fluctuation of the temperature over a time petiotsee the discussion

in Lovejoy and Schertzer, (200LBox 11.1). In general, knowledge of the probabilities is equivalent to knowledge of (all) the

statistical moments(including the nofinteger ones), and for technical reasons it turns out to be easier to check

d
' T, t)E Th( t) by considering the statistical moments.

sim

3.2 Scaling Fluctuation Analysis

In order to isolate the variability as a function of time sc&lewe estimated the quctuatiodsF( t) (forcings, W/m?),
!T( t) (responsesK). Although it is traditional (and often adequate) to define fluctuations by absolute differences
AT (Ar) :|T(t+At)—T(t)|, for our purposes this %ot sufficient. Instead we should use the absolute difference of the means from

ttot+! 42 and fromt+! /2 to t+At. Technically, the latter corresponds to defining fluctuations using Haar wavelets rather

than Opoor manOsO wavelets (diféers). In a scaling regime, the fluctuations vary with the time lag in a power law manner:

AT = @At" (1)



where$ is a controlling dynamical variable (e.g. a dynamical flux) whose r(thae independent of the lagt (i.e.

independent of the time scale). This means that the behaviour of the mean fluctuatioh>s At" so that wherH >0, on
average fluctuations tend to grow with scale whereas whénthey tend to decrease. Note that the symB@ @ in honour of
Harold EdwinHurst (Hurst, 1951). Although in the case of gt@aiussian statistics, it is equal to his eponyn®ymnent, the
H used here is valid in the more general multifractal case and is generally different.

Fluctuations defined as differences are adequate for fluctuations increasing wit(uassa)e WhenH >0, the rate at

which average differences increase with time Mgdirectly reflects the increasing importance of low frequencies with respect

to high frequencies. However, in physical systems the differences tend to increase evéh<aherhis is because correlations

<T(t+At)T(t)> tend to decrease with the time lag and this directly implies that the mean square differevﬁé_esr( t)2>)

increase (mathematically, for a stationary procé@s(m)z>:<(r(z+m)! T(t))z>: 2(<T2>! <T(ﬁ- Az)T(t))). This means that when

H <0, differences cannot correctly characterize the fluctuationsHR6rthe highfrequency details dominate the differences
and prevent these differences to decrease with increasingstale

The Haar fluctuation which is uséffor -1<H<1 is particularly easy to understand since with proper OcalibrationO in
regions wherédf >0, its value can be made to be very close to the difference fluctuation, while in regionsHm®ré can be
made close to another sireplo interpret Oanomaly fluctuationO. The latter is simply the temporal average of the series over
duration At of the series with its overall mean removed Kiovejoy and Schertzer, 20t2his was termed a OtendencyO
fluctuation which is a less intuitive term). In this case, the decrease of the Haar fluctuations for increadinglagacterizes
how effectively averaging a (mean zero) process (the anomaly) over longer time scales reduces its variability. Here,
calibration is affected by multiplying the raw Haar fluctuation by a factor of 2 which brings the values of tHa¢taations
very close to both the corresponding difference and anomaly fluctuations (over time scalgs (witx0 respectively). This
means that in regions whete 0, to good accuracy, the Haar fluctuations can be treateiffarences whereas in regions where
H <0 they can be treated as anomalies. While other techniques such as Detrended Fluctuation (Realysét al., 1994
perform just as well for determiningcgonents, they have the disadvantage that their fluctuations are not at all easy to interpre
(they are the standard deviations of the residues of polynomial regressions on the running sum of the originabisedeshe
DFA fluctuation function is tgically presented without any units.

Once estimated, the variation of the fluctuations with time scale can be quantified by using their statisgﬁ?:srdhe

structure functioqu (! t) is particularly convenient:
S, (ar)=(aT(ar)") @)

where ((5 >O indicates ensemble averaging (here, we average over all disjoint intervals ofAlehgiote that althougl can
in principle be any value, here we restrictt® since divergences may ocddindeed for multifractals, are expectefbr ¢<0).

In a scaling regimeSq (! t) is a power law:

S (a9=(aT(ag") At (ko K(g 3)



where the exponerit(q) has a linear pargH and a generally nonlinear and convex FK‘;@ with K(1)=O. K(q)

characterizes the strong non Gaussian, multifractal variability; the OintermittencyO. Gaussian proceis(sqés thaVke root
meansquare (RMS) variatiors, (! t)ll2 (denoted simplyS(! {) below) has the exponet(2)/2=H ! K(2)/2. It is only when
the intermittency is smalll((q)! 0) that we havé (2)/2! H=! (l) Note that since the spectrum is a second order statistic, we

have the useful relationship for the exporfigof the power law spectr$:=1+2‘,(2) =1+2H ! K(2) (this is a corollary of the Wiener

Khintchin theorem)Again, only WhenK(Z) is small do we havene commonly used relation! 1+ 2H; in this casef >0, H<0
corresponds td >1, ! <1, respectively. To get an idea of the implications of the nonlin?(e(qp, note that a higly value

characterizes the scaling of the strong events whereas @dbaracterizes the scaling of the weak evepis (ot restricted to
integer. The scalings are different whenever the strong and weak events cluster to different degrees, theiclasterisg

precisely determined by another exponetite codimension which is itself is uniquely determined by(q). We return to the

phenomenon of OintermittencyO, in section 4, it is particularly pronounced in the case of volcanic forcings.

Figure 2a shows the result of estimating the Haar fluctuations for the solar and volcanic fditeengslar reconstruction
that was used is a hybrid obtained by OsplicingO the annual resolution sunspot based reconstruction (Fig. 2b, tof0Oback to
although only the more recent part was used by Mann et al. (2005) Wile &ased reconstruction ¢Fi2b, bottom) at much
lower resolution (! 4050 yrs). In Fig. 2a, the two rightmost curves are for two diffel®8g reconstructions; at any given time
scale, their amplitudes differ by nearly a factor of 10 yet they both have Haar fluctuations thathdimith scale d ! " 0.3).
Figure 2b (top) clearly shows the qualitative difference with OwanderingO, (sunspot based) and Fig. 2b (bottom), the
cancelling H <0, *°Be based) solar reconstructiofisvejoy and Schertzer, 2012dn the OsplicedO reconstructised here,
the early’®Be part (10001610) at low resolution was interpolated to annual resolution; the interpolation was close to linear st
that we findH ! 1 over the scale range30 yrs, with theH <0 part barely visible over the range 1600 years (roughly the
length of the'%Be part of the reconstruction).

The reference lines in Fig. 2a have slofikd,-0.3, 0.4 showing that both solar and volcanic forcings are fairly accurately
scaling (althoughbecause of the OsplicingO for the solar, only up until-80@yrs) but with exactly opposite behaviours:
whereas the solar fluctuations increase with time scale, the volcanic fluctuations decrease with scale. For time schles bey

200-300 yrs, the soldorcing is stronger than the volcanic forcing (they OcrossO at roughly 08 W/m

3.3 Linearity and nonlinearity

There is no question thatt least in the usual deterministic sensiee atmosphere is turbulent and nonlinear. Indeed, the ratio of
the nonlinear to the linear terms in the dynamical equatidtie Reynolds numberis typically about 1&. Due to the smaller
range of scales, in the numerical models it is much lower, but it is stiff tal@C . Indeed it turns out that the variabilityilgls

up scale by scale from large to small scales so-thiaice the dissipation scale is about 10 - the resulting (millimetre scale)
variability can be enormous; the statistics of this buildup are quite accurately modelled by multifractal caseatesréview
Lovejoy and Schertzer, 2018specially ch. 4 for cascade analyses of data and model outputs). The cascade based Fraction:

Integrated Flux model (FIFSchertzer and Lovejoy,987) is a nonlinear stochastic model of the weather scale dynamics, and can
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be extended to provide nonlinear stochastic models of the macroweather and climate legiejeg and Schertzer,
2013 ch. 10).

However, ever sincélasselmann, (1976it has been proposed that sufficiently sptiee averaged variables may
respond linearly to sufficiently spatiene awraged forcings. In the resulting (low frequency) phenomenological models, the
nonlinear deterministic (high frequency) dynamics act as a source of random perturbations; the resulting stochastic mode
usually taken as being linear. Such models are jusijfied if there is a physical scale separation between the high frequency
and low frequency processes. The existence of a relevant breakl.(ati&y scales) has been known siReaofsky and Van der
Hoven, (195% and was variously theorized as the Oscale of migratory pressure systems of synoptic weather méansdateO (
Hoven, 1957 and lateras the Osynoptic maximurtilesnikov and Monin, 1965 From the point of view of Hasselméype
linear stochastienodelling (now often referred to as OLinear Inverse Modelling (LIM)OPemjand and Sardeshmuhk, (1995
Newman et al., (2003 Sardeshmukh and Sura, (200%he system is regded as a multivariate Ornsteithlenbeck (OU)

process. At high frequencies, an OU process is essentially the integral of a white noise (with spgctrumth ! h=2)

whereas at low frequencies it is a white noise, (i'e.’' with I, =0). In the LIM models, these regimes correspond to the

weather and macroweather, respectively. Recéstlwman, (201Bhas shown predictive skill for global temperature hindcasts
is somewhat superior to GCMOs fe& §ear horizons.

In the more general scaling pictugoing back tdh.ovejoy and Schertzer, (198@he transition arresponds to the lifetime
of planetary structures. This interpretation was quantitatively justifigddaejoy and Schertzer, 203y using the turbulent
energy rate density. The low and high frequency regimes were scaling and had spectra significantly different than those of

processes (notably with 0.2<<0.8) with the two regimes now being refed to as OweatherO and Omacrowedtioaejoy and

Schertzer, 2013 Indeed, the main difference with respect to the classical LIM is at low frequencies. Although the difference ii

!, may not seem so important, the LIM valle=0, (white noise) has no low frequency predictability whereas the actual values
0.2<!,<0.8 (depending mostly on the land or ocean location) corresponds to potentially huge predictabilitite(treara
diverge ad, approaches 1). A new OScallng Macroweather ModelO (SLIMM) has been proposed as a set of fractional order

still linear) stochastic differential equations with predictive skill for global mean temperatures out to B lgeasrgLovejoy et

al., 2015 Lovejoy, 2015h. However, irrespective of the exact statistical nature of the weather and macroweather regimes,
linear $ochastic model may still be a valid approximation over significant ranges.

These linear stochastic models (whether LIM or SLIMM) explicitly exploit the weather/macroweather transition and may hav
some skill up to macroweather scales perhaps as largecaslas. However, at lorgnoughtime scales, another class of
phenomenological model is often used, wherein the dynamics are determined by radiative energy balances. Energy bal:
models focus on slower (true) climate scale processes such as Bedbado feedbacks and are generally quite nonlinear, being
associated with nonlinear features such as tipping points and bifurcd@iohgo, 1969. These models are typically zesoone
dimensional in space (i.e. they are averaged over the whole earth or over latitude bands) and may be deterministiticor stoch
(seeNicolis, 1988for an early comparison of the two approaches).[Bgatra, (2013 for a survey of the classical deterministic
dynamical systems approach as well as the more recent stochastic Orandom dynamical systemsO approach, (see also Ra(
al., 2014) Although energy balance models are almost always nonlinear, there have been several suggestions that linear en

balance models are in fact valid up to millennial and even multimillennial scales
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Finally, we could mention the existence of empgilievidence of stochastic linearity between forcings and
responses in the macroweather regime. Such evidence comes for example, from the apparent ability of linear regressior
OremoveO the effects of volcanic, solar and anthropogenic foloagsand Rind, 2008 This has perhaps been quantitatively
demonstrated in the case ofttmwpogenic forcing where use is made of the globally, annually averagedadi@tive forcings
(as a linear surrogate for all anthropogenic forcings). When this radiative forcing was regressed against similarly averag

temperatures, it gave residues wathplitudes +0.109KLovejoy, 2014awhich is almost exactly the same as GCM estimates of

the natural variability (e.gL,aepple et al., (2008 Notice that in this case the identification of the global temperaTg,gge as

the sum of a regression determined anthropogenic compoféns { with residues as natural variability/(, ) is in fact only

d

a confirmation oftochastic linearity (i.e. 7., =1,

+7, ). Since presumably the actual residues woulalmen different
if there had been no anthropogenic forcing. Indeed, when the residues were analysed using fluctuation analysis, ih@las only 1

statistics that were close to the {industrial multiproxy statistics.
3.4 Testing linearity: the additivity of the responses

We can now test the linearity of the model responses to solar and volcanic forcings. First consider the model resp8ages (Fig.
Compare the response to the volcanic only forcing (green) curve; with the response from the solar inglyhiak). As
expected from Fig. 2a, the former is stronger than the latter up (until centennial scales) reflecting the strongerorolngnic f
At scales! t I>100 yrs however, we see that the solar only has a stronger response, also as expected from Fig. 2a. N
consider the response to the combined volcanic and solar forcing (brown). Unsurprisingly, it is very close to the vbjcanic or
until At'! 100 yrs; however at longer time scales, the combined response seems to decrease following the volcanic forcit
curve; it seems that at these longer time scales the volcanic and solar forcings have negative feedbacks so that the coml
response to solar plus volcaracing is actually less than for pure solar forcing, they are OsubadditiveO.

In order to quantify this we can easily determine the expected solar and volcanic response if the two were combir
additively (linearly). In the latter case, the solar anttamwic fluctuations would not interfere with each other, and dinese
forcings are statistically independent, the responses would also be statistically independent, the response variaraes would a

A linear response means that temperature fluctustthre to only solar forcin(;ATS (At)) and only volcanic forcing

(" T, ( t)) would be related to the temperature fluctuations of the response to the combined solar plus volcanic forcin

(AT,, (A1) as:
"T. ()2 T( 9+ T( Y 4)
This is true regardless of the exact definition of the fluctuation: as long as the fluctuation is defined by a linean apetiadi

temperature series any wavelet will do. Therefore, squaring both sides and aver{agiﬁg 46d assuming thatetfluctuations

in the solar and volcanic forcings are statistically independent of each othe<rdiZ§(,At)ATv (At)> =0), we obtain:

(AT, (a0)") = (AT, (ar)") +(AT, (ar)') (5)
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The implied additive response structure functBa(m;):(<Az; (Af)2>+<ATV (Az)2>)m is shown in Fig. 3b along with

the rtio of the latter to the actual (nonlinear) solar plus volcanic response«(tqq: ¢)2>+'< T( ;)2>)m'/< T, ( [)2>m). It can be

5!

seen that the ratio is fairly close to unity for time scales below about 50 yrs. However beyond 50 yrs there is indeged a str
negative feedback betwe the solar and volcanic forcings. This is seen more clearly in Fig. 3c which shows Ahat4a0

years, that the negative feedback is strong enough to reduce the theoretical additive fluctuation amplitudes by aZather of !
fall-off at the largest ¢ is probably an artefact of the poor statistics at these scales). It should be notedatidition to
linearity, the latter holds assumingtatisticalindependencetgp curve in Fig. 3c) of the solar and voléarforcing. For
comparison, theébottom curve in Fig. 3c illustrates the results obtained when analyzing the series constructed by directl
summing the two response series (instead of assuming statistical independence). It is clearly seen that thé balsibalels

but it is a little less strong (a factor oflL5). The reason for the difference is that the cancellation of the cross terms assumed b
statistical independence is only approximately valid aglsirealizations, especially at the loweeduencies where the statistics

are worsgeven on a single realization, at any given seabecept the very longesthere are several fluctuations so that there is
still some averaging)

The calculations above ignored the modelOs internal varialfilgywas considered small due to the averaging over 100
realizations of the ZC model with the same forcings: the internal is expected to largely cancel out. While it is true that
definitive answer to this requires running the model in Ocontrol modeQasoapture only the internal variability (as was done
in for the GISS model, sd€g. 4), there are nevertheless several reasons why the internal variability is almost certainly smalle
than the response due to the forcings:

i) We can get a typical order afagnitude of the internal variability from the GISS modgy, 4; we see that for a
single realization without averaging over 100 realizations afig. 3abthat the typical centennial variability is !
+0.05K and decreasing with a power law withexent! !(2)/2! -0.2. After averaging for 100 realizations, we
expect this to decrease by (190¥10, i.e. to +0.005K. This is much smaller than the centennial scale variability
of the ZC responses Fig. 3a (from the graph, these are abott(10? /2! + 0.03K.

i) We can use the fact that a) the observed responses are upper bounds on the internal variability and b) that
internal variability must decrease with scale (otherwise the modelOs climate diverges rather than converges for I
times. Exponents near the GISS viglg) / 2! -0.2 are common, see elgvejoy et al, (2013. FromFig. 2, we
see that the ZC solar response at ! 20 years@038K, so this is an upper bound for the internal variability at all
scales longer than ! 2Qears. However, over the range !-500 years (relevant for the subadditivity conclusion),
the solar response variability is considerably larger than this noise value: from the gea@Q%% /2! + 0.08K.

We conclude that it is unlikely that tiv@ernal variability is strong enough to account for the results.
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In the ZC model, all forcings are input at the surface so that here the subadditivity is due to the differing
seasonality, fluctuation intensities and spatial distributions of the solarvalodnic forcings. In the GISE2-R GCM
simulations, the response to the solar forcing is too small to allow us to determine if it involves a similaslsaac negative
feedback (Fig. 4). In GCMs with their vertically stratified atmospheres or theatmasphere, non additivity is perhaps not
surprising given the difference between the solar and volcanic vertical heating profiles. If such negative feedbacks i
substantiated in further simulations, it would enhance the credibility of the idea theitcGICMs are missing critical slow
(multi centennial, multi millennial) climate processes. No matter what the exact explanation, non additivity underlines tF
limitations of the convenient reduction of climate forcings to radiative forcing equivaleatso lindicates that at scales longer
than about 50 yrs energy budget models must nonlinearly account for -tdipeplerature interactions (i.e. that linear energy
budget models are inadequate at these time scales, and that-telinpdoature interactions ust at least be correctly
parametrized).

Also shown for reference in Fig. 3a are the fluctuations for three multiproxy estimates of annual northern hemisphe
temperatures (1500900; preindustrial, Moberg et al., 2005 Huang, 2004 Ljungqvist, 2010 the analysis was taken from
Lovejoy and Schertzer, 20&2 Although it should be borne in mind that the ZC model region (the Pacific) does not coincide
with the proxy region (the northern hemisphere), the latter is the best model validation available. In addition, since we compi
model and proxy fluctuation statistics as functions of time scale, the fact that the spatial regions are somewhatdéfsent i
important than if we had attempted a direct year by year comparison of model outputs with the multiproxy reconstructions.

In Fig. 3a, we see that the responses of the volcanic only and the combined volcanic and solar forcings fairly wi
reproduce the RMS multiproxy statistics until ! §@s; however at longer time scales, the model fluctuations are substantially
too weakb roughly 0.1K (corresponding to £0.0K) and constant or falling, whereas at 400 yr scales, the RMS multiproxy
temperature fluctuations are ! 0.25 K (£0.125) and rising. Indeed, in order to account for the ice ages, they mustacasénue t
until ' 5 K (x2.5K) at glacialinterglacial scales of 50100 kyrs, (the Oglaciaihterglacial windowOaccording to paleodata,
this rise continues in a smooth, power law manner Withuntil roughly 100 kyrs, sekovejoy and Schertzer, 1988hackleton
and Imbrie, 199Pelletier, 1998 Schmitt et al., 1995Ashkenazy et al., 2003uybers and Curry, 200@&ndLovejoy et al.,

2013.

In Fig. 4, we compare the RMS Haar fluctuations from the ZC model combined (volcanic and solar forcing) respon:
with those from simulations from the GIE2-R GCM with solar only forcing and a control run (no forcings, black; see
Lovejoy et al., (201Bfor details; the GISE2-R solar forcing was the same as the spliced series used in the ZC simulations).
We see that the three are remarkably close over the entire range; for the GISS model, this indicates that the solagasly forc
so small thathe response is nearly the same as for the unforced (control) run. The ZC combined solar and volcanic forcing
clearly much weaker than the gralustrial multiproxies (dashed blue, same as in Fig. 3a). The reference line withGsibpe

shows the convgence of the control to the model climate; the shallowness of the sk itnplies that the convergence is

ultra slow. For example, fluctuations from a 10 yr run control run are only reduced by a fa@tﬁr/ (’5()00)70'2 =3 if the runis

extended to &yrs

Finally, in Fig. 5, we compare the responses to the volcanic forcings for the Zadni@kmodel and for the GIS=2-R
GCM for two different volcanic reconstruction&4o et al., 2008 and Crowley, 2000 (the reconstruction used in the ZC
simulation). For reference, we again show the combined ZC response and the preindustrial multiproxies. We see tBat the C

GCM is much more sensitive to the volcanic forcing than the Zeb@ile model; indeed, it is too sensitive at scales!100 ,
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but nevertheless becomes too weak at scatels>200 years. Indeed, since the volcanic forcings continue to
decrease Wi scale, we expect the responses to keep diminishing with scale at!larger

Note that the spatial regions covered by the ZC simulation, the GISS outputs and the multiproxy reconstructions are
the same. For the latter, the reason is thexetlis no perfectly appropriate (regionally defined) multiproxy series whereas for the
GISS outputs, we reproduced the structure function analysis from a published source. Yet, the differences in the regibns may
be so important since we are only makstgtistical comparisons. This is especially true since all the series are for planetary
scale temperatures (even if they are not identical global sized regions) and in addition, we are mostly interestdy yredne fif

(and longer) statistics which méag quite similar.

4. Intermittency: a multifractal trace moment analysis
4.1 The Trace moment analysis technique

In the previous sections we considered the implications of linearity when climate models were forced separately with t
different forcings compared with the response to the combined forcing; we showed that the ZC model was subadditive. Howe»
linearity also constrains the relation between the fluctuations in the forcings and the responses. For example at least since
work of Clement et al., (1996in the context of volcanic eruptions, it has been recognized that the models are typically sensitiv
to weak forcing events but insensitive to strong onesthiey. are nonlinear, ankllann et al., (200bnoticed this in their ZC

simulations.

In a scaling regime, both forcings and responses will be characterized by a hierarchy of exponents (i.e. thé (lrm)ction

in Eq. 3 or equivalently by the exponeiitand the functiorK(q)), the differences in the statistics of weak and strong events are

reflected in these different exponents; high order moments (@argee dominated by large fluctuations and conversely for low

order moments. The degree of convexitqufq) guantfies the degree of these nonlinear effects (indeed, how they vary over

time scaled t). Such OintermittentO behaviour was first studied in the context of turb(Kehoegorov, 1962 Mandelbrot,
19749).

In order to quantify this, recall that if the system is linear, the response is a convolution of the system GreenOs func
with the facing, in spectral terms it acts as a filter. If it is also scaling, then the filter is a powerHamhere & is the

frequency, (mathematically, if(! )and k() are the Fourier transforms of the response and forcing, for a scaling linear
system, we havd’(! )t h( ) such a filter corresponds to a fractional integration of akfjetn terms of fluctuations this
implies: | T( t)£ t" IF( t) (assuming that the fluctuatie are appropriately defined). Therefore, by takifipowers of both
sides and ensemble averaging, we see that in linear scaling systems we, (sq)/e:qH H (q) (c.f. eq. (3) With!T(q) and

' (q) the structure function exponents for the response and the forcing respectivbrlﬂ})land I (q) only differ by a term

linear in ¢, then KT (q):KF(q), so that if over some regime, we find empirica&ITXq)y K¢ (0) (i.e. the intermittenciesre

different), then we may conclude that that the system is nonlinear (note that this result is independent of whetheitythie linea

deterministic or only statistical in nature).
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Let us investigate the nonlinearity of the exponents by returning .t¢lEq2) and (3) in more detail. Up until

now we have studied the statistical properties of the forcings and responses using the RMS fluctuations e.g. we have use(

following equation but only for the valu§g = 2.

(#T@0)") " o e=# (@1 (aF o K(q (©)

(see Eqg. (1)) the exponek (q) (implicitly defined in (3)) is given explicitly by:

(#) =t ;%ftf )

where ! _ is the effective outer scale of the multifractal cascade progegises rise to the strong variability arld! is the

ef
cascade ratio from this outer scale to the scale of intérest
If the driving flux $ was quasiGaussian, therK(q)=O, !(q):qH and the exponen!t(Z)ZZH =" 11 would be

sufficient for a complete characterization of the statistics. However geophysical series are often far from Gaussighpeven wi
statistical analysis, a visual inspection (the sharp spikeO of varying amplitudes, see Fig. 1a) of the vidsamaksss it

obvious that it is particularly extreme in this regard. We expatteast in this casethat theK(q) term will readily be quite
large (although note the constrai('(u):o and the mean d (the =1 statistic) is independent of scale). To characterize this,
note that since(1)=0, we have! (L)=H and then use the first two derivatives!¢f) at =1 to estimate the tangent (linear

approximation) tok (q) near the man (q) and the curvature oK (q) near the mean characterized'byr his gives
(C)=Ki)=H"11a) %
"=KIL) K@) =ty g H)g

The parameter€,, ! are particularly convenient sinéthanks to a kind of multiplicative central limit theorerthere

8

exist multifractal universality class€Schertzer and Lovejoy, 1987For such universal multifractal processes, the exponent

function K(q) can be entirely (i.e. not only nef=1) characterized by the same two parameters:

K(q)z!(fll(q! " q); O# | #2 )

In the universality case (9), it can be checked that the estimate in (8) (near the mean) is satisfie€Cso khat
characterize all the statistical moments (actually, (6), (7) are only valig 4ay ; for > ¢, the above will break down due to

multifractal phase transitions; the critiog/ is typically >2, so that here we confine our analyseg!t@ and do not discuss the

corresponding extremdarge q - behaviour).

A drawbackof the above fluctuation method for usir!g(q) to estimateK (q) (6) is that if C, is not too big, then for the
low order momentsy, the exponent (q) may be dominated by the line@t{) term, so that the multifractal pa(lf( (q)) of the
scaling is not too apparent. A simple way of directly study{l(lgj is to transform the original series so as to estimate the flux

at a small scale, essentially removing Q’qH) part of the exponent. It can then be degraded by temporal averaging and the
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scaling of the various statistical momenthe exponent:t((q) - can be estimated directly. To do this, we divide (1) by

its ensemble average so as to estimate the normalized flux at the highest resolution by:

" " #T
= —=— (10)

(") (#T)
where the ensemble average{ ((‘) 0) is estimated by averaging over the available data gingle series), and the fluctuations

I 't are estimated at the finest resolution (here 1 yr).

4.2 Trace moment analysis of forcings, responses and multiproxies
We now test (7); for convenience, we use the synibak the ratio of a convenient reference s&dtere the length of

the series,!

” ref

=1000 yrs to the resolution scale(for some analysed00 yrs was used instead, see the captions in Fig. 6). In

an empirical study, the outer scale,

is not known a priori, it must be empirically estimated; denote the scale at which the
cascade starts byl

Starting with (7), the basic prediction of multiplicative cascades is that the normalized mdrhéh® obey the generic

multiscaling relation:
' K(q) ' K(q)

It " Lo’ Ty _ A Tyor
- - ﬂq) — e — eff ref
M(q)=(o#t)=2r %L—At % . % #

. A W A (11)
° > Teff
At Ay Topr

We can see that can readily be empirically estimated since a ploLof A versusLog i will have lines (one for

eff
eachgq, sIopeK(q)) converging at the outer scale= 2, (although for a single realisation such as here, the outer scale will

be poorly estimated since clearly for a single sample (series) there is no variability at the longest time scales,stihgie is a
long-temm value that generally poorly represents the ensemble ntégoje 6a shows the results whaf is estimated by the
absolute second difference at the finest resolution. The solar forcing (upper right) was only shown for the recent @@riod (16
2000) over which the higher resolution sunspot based reconstruction was used, the eaHi&0D0g&rt was based on a (too)

low resolution*Be OspliceO as discussed above, see Fig. 2b. In the solar plot (upper left), but especially in the voleanic forc
plot (upper right), we see that the scaling is excellent over nearly the entire range (the points are nearly lineadiigiod,in a

the lines plausibly OpointO (i.e. cross) at a unique outerkcaiekeﬁ. which is not far from the length of theries, see Table

1 for estimates of the corresponding time scales. From these plots we see that the responses to the volcanic for@a® Ospiki
(intermittency) are much stronger than to the corresponding responses to the weaker solar Ospikiness® affhespioeie
therefore considerably dampens the intermittency jrbatditionthis effect is highly nonlinear so that the intermittency of the
combined volcanic and solar forcing (bottom left) is actually a little less than the volcanic only intermibietioyn right).
Table 1 gives a quantitative characterization of the intermittency strength near the mean, uSjnggitaeneter.

It is interesting at this stage to compare the intermittency of the ZC outputs with those of tHE2RSSCM (Fig. 6b)
and with multiproxy temperature reconstructions (Fig. 6¢). In Fig. 6b, we see that th&e&FE8ace moments rapidly die off

at largescales (small ) so that the intermittency is limited to small scales to the right of the convergence point. In this Figure
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we see that the lines convergelag,,! ! 1.1" 1.5 corresponding td ¢ in the rangeroughly 1@80 yrs. Since the

intermittency builds up scale by scale from large scales modulating smaller scales in a hierarchical manner, and sigee this ri
of scales is small, the intermittency will be small. The partial exception is for the upper right plot which is for tHE2RSS
response to the large Gao volcanic forcing (recall that the ZC model uses the weaker, Crowley volcanic reconstruction wh
response is strongly intermittent, see Fig. 6b, the upper left plot). This result shows that contrary to the ZC model whc
respamse is strongly intermittent (highly non Gaussian) over most of the range of time scales, tHe2dR3$8sponse is nearly
Gaussian implying that the (highly non Gausssian) forcings are quite heavily (nonlinearly) damped.

This difference in the model respges to the forcing intermittency is already interesting, but it does not settle the question
as to which model is more realistic. To attempt to answer this question, we turn to Fig. 6¢c which shows the trace mom:
analysis for six multiproxy temperatureconstructions over the same @mdustrial) period as the GISE2-R model (1500
1900; unlike the ZC model, the GIER-R included anthropogenic forcings so that the period since 1900 was not used in the
GISSE2-R analysis). Statistical comparisons ofeaimultiproxies were made in ch. 11 lofvejoy and Schertzer, (201 3for
reasons of space, only six of these are shown in Fig. 6¢) where it was found that the pre 2003 multiproxies had significai
smaller multicentennial and lower frequency variability than the more recent multiproxies used as reference in Fig. 4 and
However, Fig. 6¢ shows that the intermittencies are all quite low (with the partial exception of the Mann series, see the up
right plot). This conclusion is supported by the comparison with the red curves. These indicate the generic envelope of tr

moments of quasBaussian processes fa] ! 2 it shows how the latter converge (at large scales, siatb the left) to the
flat (K (q) = O) Gaussian limit. We see that the actual lines are only slightly outside this envelope shawitgy are only

marginally more variable timequasiGaussian processes.

The comparison of the GISIE2-R outputs (Fig. 6b) with the multiproxies (Fig. 6¢) indicates that they are both of low
intermittency and are more similar to each other than t@@enultiproxy statistics. One is therefore tempted to conclude that
the GISSE2-R model is more realistic than the ZC model with its much stronger intermittency. However this conclusion may b
premature since the low multiproxy and GISS intermittencies Imeague to limitations of both the multiproxies and the GISS
E2-R model. Multicentennial and multimillenial scale ice core analyses displays significant paleotemperature intermittency

C, =0.05-0.1, Schmitt et al., 1995ee the discussion in ch. 11lafvejoy and Schertzer, 20130 that the multiproxies may be

insufficiently intermittent

5. Conclusions

From the point of view of GCMOs, climate change is a consequence of changing boundary conditions (including compositic
the latter are the climate forcings. Since forcings of interest (such as anthropogenic forcibgsyalte of theorder of1% of

the mean solar input the responses are plausibly linear. This justifies the reduction of the forcings to a convenient comn
denominator: the Oequivalent radiative forcingO, a concept which is useful only if different forcings add ifikeaylyare
OadditiveO. An additional consequence of linearity is that the climate sensitivities are independent of whether thiesfinctuati
the forcings are weak or strong. Both consequences of linearity clearly have their limits. For exampleniithaihd longer

scales, energy balance models commonly discard linearity altogether and assume that nonlinear albedo responses to o
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changes are dominant. Similarly, at monthly and annual scales, the linearity of the climate sensitivity has been
gusstioned in the context of sharp, strong volcanic forcings.

In view of the widespread use of the linearity assumption, it is important to quantitatively establish its limits amd this ce
best be done using numerical climate models. A particularly conteroatext is provided by the Last Millennium simulations,
which (in the preindustrial epoch) are primarily driven by the physically distinct solar and volcanic forcings (forcitgkadde
use changes are very weak). The ideal would be to have a stiite mfsponses of fully coupled GCMOs which include solar
only, volcanic only and combined solar and volcanic forcimgs control runs (for the internal variabilityd that the responses
could be evaluated both individually and when combined. Unfortlyndte optimal set of GCM products are the GISSRE2
millennium simulations with solar only and solar plus volcanic forend a control rurfthis suite is missing the volcanic only
responses). We therefore also considered the outputs of a simplifretecinodel, the ZebiaCane (ZC) mode{Mann etal.,

2009 for which the full suiteof external forcing responseas available.

Following a previous study, we first quantified the variability of the forcings as a function of time scale by considering

fluctuations. These were estimated by usimg difference between the averages of the first and second halves of intdrvals

(OHaarO fluctuations). This definition was necessary in order to capture the two qualitatively different regimes, narmely thos

which the average fluctuations increase with time s¢ple-0) and those in which they decrease with s¢alg). Whereas the

solar forcing was small at annual scales, it generally increased with scale. In comparison, the volcanic forcing warisgvaty str
annual scales but rapidly decreased, the two becoming roughly equal at about.2B9 considering the respee to the
combined forcing we were then able to examine and quantify theiadditivity (nonlinearity). By direct analysis (Fig. 3b, c), it
was found that in the ZC model, additivity of the radiative forcings only works up until roughly 50 yr sc&les;atscales,

there are negative feedback interactions between the solar and volcanic forcings that reduce the combined effectdfy a factor
1.5 - 2. This OsubadditivivityO makes their combined effects particularly weak at these scales. Althowggulthégems
statistically robust for the ZC Millenium simulations, until the source of the nonlinearity ipopited and the results
reproduced with fulblown coupled GCMOs, they must be considered tenf#tiweconclusions would also be strengtheifed

ZC control runs output were available to estimate the internal variability), many more simulations with diverse forcings al
needed to completely settle the issue.

In order to investigate possible nonlinear responses to sharp, strong events (such as volcanic eruptions), we used the
that if the system is linear and scaling, then the difference between the structure function e*b@')u)?imthe forcingsand

responses is itself a linear function of the order of monge(moments with largey are mostly sensitive to the rare large

values, smally moments are dominated by the frequent low values). By using the trace moment analysis technique, we isola

the nonlinear part olf(q) (i.e. the functionk (q)) which quantifies the intermittent (multifractal, highly n@aussian) part dhe

variability (associated with the OspikinessO of the signal). Unsurprisingly we showed that the volcanic intermittenclh was m
stronger than the solar intermittency, but that in both cases, the model responses were highly smoothed, they weye practi
nonintermittent (close to Gaussian) hence that the model responses to sharp, strong events were not characterized by the
sensitivity as to the more common weaker forcing events.

By examining model outputs, we have found evidence that the respotise dimate system is reasonably linear with
respect to the forcing up to time scales of 50 yrs at least for weak (i.e. not sharp, intermittent) events. But theeshétentin

events such as volcanic eruptions that occasionally disrupt the lineshorter time scales, become rapidly weaker at longer
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and longer time scales (with scaling expong#nt-0.3). In practice, linear stochastic models may therefore be valid
from over most of the macroweather range, from ! 10 days to over 50 yeargvidgwiven their potential importance, it would

be worth designing specific coupled climate model experiments in order to investigate this further.
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Tables:
Table 1.The scaling exponent estimates for the forcings and ZC model responses.
Forcings Responses Control Runs
Solar Volcanic Solar Volcanic Combined | GISS ECHAM5
H 0.40 -0.21 0.031 -0.17 -0.15 -0.26 -0.4
C. 0.095 0.48 0.022 0.054 0.038 <0.01 <0.01
' 1.04 0.31 1.82 2.0 2.0 B B
)(2)/2 0.33 -0.47 -0.01 -0.28 -0.23 <0.01 <0.01
0.47 0.2
% 1.66 0.06 0.98 0.44 0.54
* o 630 yrs | 300yrs 100yrs 100 yrs 250yrs a a

Table 1 shows the scaling exponent estimates for the forcings and ZC model responses. For the solar (forcing and mgsponse),
the recent 40§rs (sunspot based) series were used, for the others, the entirgrs@@8ge was used, see figure 6a. The RMS

exponent was estimated from Eq. (6), (@)was estimated from the Haar fluctuations, , C, were estimated from the trace

moments (Fig. 6a). Note that the external cascade scales are unreliable since they were estimated from a singleTiealization
control runs at the right are for the GKE2-R model discussed in the text and (ECHAMb) frora filly coupled COSMOS

ASOB Millenium long term simulations based on the Hamburg ECHAMS5 model fa4800AD.
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Figure 2a.The RMS Haar quctuatiorS(At) for the solar and volcanic reconstructions used in the ZC simulation fo# digsm

2 to 1000 years (left). The solar is a OhybridO obtained by Osplicingd thebssesbreconstruction (Fig. 2b, top) with’Be
based reconstruction (Fig. 2b, bottom). The two rightmost curves are for two diffemeconstructionéShapiro et al., 2011
Steinhilber et al., 2009 Although at any given scale, their different assumptions lead to amplitudes differing lyyanfsantor

of 10, their exponents are virtually identical and the amplitudes diminish rapidly with scale.
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Figure 2b. A comparison of the sunspot derived Total Solar Irradiance (TSI) anomaly (top, used in the ZC and GISS simulatio
back to 16104 =~ 0.4) with a recent®Be reconstruction (bottom, total TSmean plus anomalysince 7362 BC, see Fig. 2a for

a fluctuation analysisH =~ —0.3) similar to that OsplicedO onto the sunspot reconstruction for the perieti6l00@e can see
that the statistical characteristics are totally different with the sunspot variations Owanﬁeﬁnp(ﬁhereas the'Be
reconstruction is Ocancellin(ﬂ<0). The sunspot data were for the ObackgroundO (i.e. with no 11 year cydlengeet al.,

2005for details), the data for tH&8Be curve were fronShapiro et al., (2091
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Figure 3a. The RMS Haar fluctuations of the Zebiak+Cane (ZC) model responses (from an ensemble of 100 realizations) wi
volcanic only (green, from the updated Crowley reconstruction), solar only (black, using the sunspot based batkgnouet (

al., 20035, and both (brown). No anthropogenic effects were modelled. Also shown for reference are the fluctuations for thr
multiproxy series (blue, dashed, from 150800, preindustrid, the fluctuations statistics from the three series were averaged,
this curve was taken frolmovejoy and Schertzer, 2012We see that all the combined volcanic and solar response of the model
reproduces the statistics until scales of tHID years; however at longer time scales, the model fluctuations arargiatgttoo
weakbroughly 0.1K (corresponding to +0.05K) and constant or falling, whereas at 400 yr scales, the temperature fluctuatic
are 10.25K (x£0.125) and rising.
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Figure 3b. A comparison of the RMS fluctuations of the ZC model response toinethiolar and volcanic forcings (brown,

bottom, from Fig. 3a), with the theoretical additive responses (black, bottom) as well as theifraji

e

0,(S,

black, top).

The additive response was determined from the root mean square of the solar only and volcanic only response variances (

Fig. 3a): additivity implies that the fluctuation variances add (assuming that the solar and volcanic forcingsstcallgta

independent). We can see that after about 50 years, there are strong negative feedbacks, the solar and volcanic forcing

subadditive, see Fig. 3c for a blow up of the ratio.
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Figure 3c. An enlarged view of the ratio of the linear torinear responses (from Fig. 3b). The top curve asstonghe
combined forcing, the linearity of the response and statisticedpendence of the solar and volcanic forcingsereasthe
bottom curveassumes only that the combined response to the fpixilineauses the actual response to the combined forcings.
The maximum at around 400 yrs (top curve) corresponds to a factor ! 2 @dbttom curve) of negative feedback between the
solar and volcanic forcings. The decline at longer durati#r3g theingle 1000 yr fluctuation) is likely to be an artefact of the

limited statistics at these scales.
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340 Figure 4. A comparison of the Zebiakane (ZC) model combined (volcanic and solar forcing) response (thick brown) with

341 GISSEZ2-R simulations with solaonly forcing (red) and a control run (no forcings, black), the GISS structure functions are for
342  land, northern hemisphere, reproduced fiamaejoy et al., (2018

343
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347 Figure 5. A comparison of the volcanic forcings for the ZC model (bottom green) and for theE2A835CM for two different
348 volcanic reconstructions5@o et al., 2008andCrowley, 2000 (top green curves, reproduced fraumvejoy et al., 2018 Also
349 shown is the combined response (ZC, brown) and the preindustrial multiproxies (dashed blue).

350
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Figure 6a. Analysis of the fluxes/cascade structures of the ZC forcings (top row) and ZC temperature responses (middle, bott
rows); thenormalizedtirace moments (Eq. (11)) are plotfed¢ = 2, 1.9, 1.8, 1.7, 1.6, E0.1. Upper left is solar forcing (last 400
yrs mly, mostly sunspot based), upper right is volcanic, middle left, solar response (lagtsjOfiddle right (volcanic
response), lower left, response to combined forcings (last i@NONote that all axes are the same except for volcanic. For the
solar, only the last 40§rs were used since this was reconstructed using the more reliable sunspot based method. TfBeearlier
based reconstruction had relatively poor resolution and is not shown. Since the volcanic variability was so dominant, for 1
combined response (bottom left) the entire series was used. The red points and lines are the empirical values, tharblue line
regressions constrained to go through a single outer scale g@éneéqg. (11)n comparing thalifferent parts of the figurenote

in particular i) the logog linearity for different statistical moments, ii) the fact that the lines for different moments reasonably
cross at a single outer scale, and iii) the overall amplitude of the fluctustfonexample by visually compiaig the range of

theg = 2 moments (the top series) as we move from one graph to another.
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Figure 6b. The above shows the responses for the €3®R simulations (northern hemisphere, land, 14900),1=1
corresponds to 400 yrs. The upper left is for the response to the Crowley reconstructed volcanic forcings (same as Zi€ed in th
simulations, not the change in the vertical scale), the upper right for the Gao reconstructed volcanic forcings anddfiedower

for the solar only (mostly sunspot based, same as used in the ZC simulations).
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Figure 6¢. Trace moment analysis of six annual resolution multiproxies, J = Jones, Ma = Mann 98, B = Briffa, C = Crowley, M(
= Moberg, H = Huang, the curves are reproduced with permission from figure 1L@;epdy and Schertzer, (20),3vherefull

details and references are given. All were for theipdestrial period 1500900 AD; A =1 corresponds to 400 yrs. The curve
shows the generic convergence of the envelope of curves to aGpuessian process, the proximity of the curvehtodnvelope

indicates that with the possible exception of the Mann curve, the intermittency is low.



