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Abstract. We use the Lorenz Energy Cycle (LEC) to
evaluate changes in global energetic activity due to CO2-
doubling in the coupled atmosphere-ocean ECHAM5/MPI-
OM model. Globally, the energetic activity – measured as
the total conversion rate of available potential energy into
kinetic energy – decreases by about 4 %. This weakening
results from a dual response that consists of a strengthening
of the LEC in the upper-troposphere and a weakening in the
lower and middle troposphere. This is fully consistent with
results from a coarser resolution version of the same cou-
pled model. We further use our experiments to investigate
the individual contributions of the transient and stationary
eddy components to the main energetics response.

The transient eddy terms have a larger contribution to the
total energetic activity than the stationary ones. We find that
this is also true in terms of their 2× CO2-response. Changes
in the transient eddy components determine the main en-
ergetics response, whereas the stationary eddy components
have very small contributions. Hence, the dual response –
strengthening in the upper troposphere and weakening be-
low – concerns mainly the transient eddy terms. We can
relate qualitatively this response to the two main features
of the 2× CO2 warming pattern: (a) the tropical upper-
tropospheric warming increases the pole-to-equator temper-
ature gradient – strengthening the energetic activity above –
and enhances static stability – weakening the energetic ac-
tivity below; and (b) the high-latitude surface warming de-
creases the pole-to-equator temperature gradient in the lower
troposphere – weakening the energetic activity below. De-
spite the small contribution from the stationary eddies to
the main energetics response, changes in stationary eddy
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available potential energy (Pse) reflect some features of the
warming pattern: stronger land-sea contrasts at the subtrop-
ics and weaker land-sea contrasts at the high northern lati-
tudes affectPse regionally, but do not affect the global ener-
getics response.

1 Introduction

In a previous study,Herńandez-Deckers and von Storch
(2010) (hereafter referred to as HDvS) analyse the atmo-
spheric energetics response to higher greenhouse gas con-
centrations using a coarse resolution version of the coupled
atmosphere-ocean ECHAM5/MPI-OM model (T31L19 res-
olution for the atmospheric component and GR30L40 for the
ocean component). By computing changes in the Lorenz
Energy Cycle (LEC) (Lorenz, 1955), they find an overall
weakening in energetic activity, measured as a global de-
crease in the total conversion of available potential energy
(P ) into kinetic energy (K). This result agrees with other
studies (Boer, 1995; Marquet, 2006; Lucarini et al., 2010),
which attribute this reduced energetic activity to a more iso-
thermal atmosphere. That is, higher CO2 concentrations re-
sult in a reduced pole-to-equator temperature gradient and
in smaller land-sea contrasts during the winter season. Such
effects are expected to reduce baroclinic activity in a global
scale. Nevertheless, HDvS find that the global weakening
of the energetic activity consists of a strengthening in the
upper troposphere and a weakening in the lower and mid-
dle troposphere, the latter dominating the globally-integrated
picture. Their analysis indicates that this dual response is
closely related to specific features of the warming pattern. In
particular, not only the high-latitude surface warming con-
tributes to the weakening of the energetic activity, but also the
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increased mean static stability caused by the tropical upper-
tropospheric warming contributes to the overall weakening.

The LEC, formulated byLorenz (1955), is the classical
formalism to estimate the working of the atmosphere as a
heat engine. Based on the concept of available potential en-
ergy (P ), it describes how the general circulation of the at-
mosphere is maintained against frictional dissipation from a
global point of view. The LEC consists of three main steps:
the generation ofP through differential heating, its conver-
sion into kinetic energy (K) by rising of relatively warm air
and sinking of relatively cold air, and its dissipation by fric-
tion. One can further decompose theP andK reservoirs into
zonal-mean and eddy components (Pm, Pe, Km, andKe), ob-
taining a better insight into the processes which are important
in terms of the energetics. In particular, baroclinic instabil-
ity is the main process responsible for the total conversion of
P into K through the pathPm→Pe→Ke. That is, the largest
conversion rate ofP intoK isC(Pe, Ke), the conversion rate
betweenPe andKe (Lorenz, 1955; Peixoto and Oort, 1974).
The conversion rate betweenPm andKm, C(Pm, Km), is re-
lated to meridional overturning circulations:Pm is converted
into Km in the thermally direct Hadley cell, whereas the op-
posite conversion takes place in the thermally indirect Ferrel
cells (Li et al., 2007). When globally-integrated,C(Pm, Km)

is small compared toC(Pe, Ke). Therefore, we focus here
on the energetics along the pathPm→Pe→Ke→Km. Fur-
thermore, both observations and model studies point out
that most of the energetic activity along this path concerns
the transient eddy components, whereas the stationary eddy
components contribute with a much smaller fraction of the
global energy conversions (Oort and Peixoto, 1974; Holton,
2004). However, the energetic response to higher CO2 con-
centrations is not necessarily dominated by the transient eddy
component’s response. In principle, transient and stationary
eddy components may be affected in a different way by a
warmer climate. For example, the stronger warming over
the continents could affect the stationary wave activity. It is
not clear whether this is the case, and if yes, to what extent
these changes contribute to the global energetics response.
Therefore, an important step in order to fully understand the
energetics response to higher CO2 concentrations is to dis-
tinguish between the response of the transient and the sta-
tionary eddy components. In order to investigate this within
the framework of the LEC, here we carry out a decompo-
sition of the eddy reservoirs that was not done by HDvS.
We decompose them into transient and stationary eddy avail-
able potential energy (Pte and Pse), and into transient and
stationary eddy kinetic energy (Kte andKse), and we eval-
uate how this decomposed-LEC responds to a doubling of
CO2 concentrations. In order to obtain a better representa-
tion of the eddies, we use here a higher resolution version of
the coupled atmosphere-ocean ECHAM5/MPI-OM model.
Therefore, we will first briefly verify HDvS’s results with
our higher resolution version of the model, and then perform
the additional transient and stationary eddy decomposition to

determine the role each of them plays in the main energetics
response.

The following section describes the method we use, in
particular the way in which we treat the LEC. Section 3
presents the results: we first analyse the main 2× CO2 en-
ergetics response, verifying the results obtained by HDvS
with a coarser resolution version of the coupled model. Sec-
ond, we present the results concerning the new transient and
stationary eddy decomposition of the LEC. Finally, Sect. 4
corresponds to the Conclusions and discussion. We include
an Appendix with the description of the equations we use to
compute the different LEC terms.

2 Method

2.1 Model and experiments

We analyse experiments carried out with the coupled
atmosphere-ocean ECHAM5/MPI-OM general circulation
model developed at the Max Planck Institute for Me-
teorology in Hamburg. The atmospheric component –
ECHAM5.2.02a (Roeckner et al., 2003) – has a T63L31
spectral resolution (≈1.875◦ × 1.875◦) and 31 vertical lev-
els. The ocean component – MPI-OM version 1.0 (Marsland
et al., 2003) – has a GR15L40 resolution (≈1.5◦

× 1.5◦) and
40 vertical levels. We use two integrations performed for the
IPCC fourth assessment report:

– The last 50 years (from a total of 505 years) of
the pre-industrial control experiment PIcntrl (Roeckner
et al., 2006), with a constant 1× CO2 concentration of
280 ppm.

– The last 50 years of the 1 % yr−1 CO2-increase exper-
iment to doubling (run no. 1) (Roeckner, 2004) (CO2-
doubling is achieved after 70 years and kept constant for
150 additional years).

We refer to these two experiments as “1× CO2 control run”
and “2× CO2 experiment”, respectively.

2.2 Lorenz Energy Cycle equations

The Lorenz Energy Cycle (LEC) equations are fundamen-
tally the same as those considered by HDvS, but include the
transient and stationary eddy decomposition:

dPm

dt
= −C(Pm, Pse) − C(Pm, Pte) − C(Pm, Km) (1)

+ Gm + B(Pm)

dPse

dt
= C(Pm, Pse) + C(Pte, Pse) − C(Pse, Kse) (2)

+ Gse + B(Pse)
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dPte

dt
= C(Pm, Pte) − C(Pte, Pse) − C(Pte, Kte) (3)

+ Gte + B(Pte)

dKse

dt
= C(Pse, Kse) − C(Kse, Kte) − C(Kse, Km) (4)

− Dse + B(Kse)

dKte

dt
= C(Pte, Kte) + C(Kse, Kte) − C(Kte, Km) (5)

− Dte + B(Kte)

dKm

dt
= C (Kse, Km) + C(Kte, Km) + C(Pm, Km) (6)

− Dm + B(Km).

HereP stands for the reservoir of available potential en-
ergy andK for the reservoir of kinetic energy, both measured
in J m−2. The subscriptm stands for zonal mean compo-
nent, the subscript “se” for stationary eddy component, and
the subscript “te” for transient eddy component. This means
that the eddy reservoirs considered by HDvS are just the sum
of the stationary and transient eddy reservoirs:Pe =Pse+Pte
andKe =Kse+Kte. The terms of the formC(X,Y ) repre-
sent the conversion rate of the reservoirX into the reservoir
Y , measured in W m−2. The terms of the formGx indicate
the generation rate of the x-component of available potential
energy measured in W m−2. For example,Gse is the gener-
ation rate ofPse, whereasGm is the generation rate ofPm.
In the same way, the terms of the formDx indicate the dissi-
pation rate of the x-component of kinetic energy. The terms
B(X) stand for boundary fluxes of the corresponding reser-
voir X for the case in which the domain is not the whole
atmosphere, and hence a boundary is specified. For global
integrals, these boundary flux terms vanish.

Compared to HDvS, we only consider two entirely new
terms. They correspond to the conversion rates between
the stationary and transient components of each eddy reser-
voir: C(Pte, Pse) and C(Kse, Kte). The other “new”
terms are simply a decomposition of old terms (e.g.,
C(Pm, Pe) =C(Pm, Pse) +C(Pm, Pte)). The exact expres-
sions for the different terms are given in AppendixA. They
are fully consistent with the expressions used by HDvS, as
well as with the formulations ofPeixoto and Oort(1974) and
of Boer and Lambert(2008).

2.3 Decompositions

Our formulation is based on the Eulerian mean decompo-
sition, whereX = 〈X〉 +X′ and 〈X〉 = [〈X〉] + 〈X〉

∗, so that
X = [〈X〉] + 〈X〉

∗ +X′. Here 〈X〉 represents the time mean
of the quantityX, X′ denotes the deviation from this time
mean,[〈X〉] denotes the zonal mean of〈X〉, and〈X〉

∗, the
deviation from this zonal mean. Additionally, we also need

the decomposition into global mean over a constant pres-
sure level (denoted bỹX) and its deviation (denoted byX′′),
as these are required in Lorenz’s approximation equation
for available potential energy (see AppendixA). One has
[〈X〉]′′ = [〈X〉] −〈X̃〉.

Note that the stationary and transient eddy decomposi-
tion distinguishes quadratic terms of the form

[
〈X〉

∗2
]

for
the stationary eddy terms from terms of the form

[
X′2

]
for

the transient eddy terms. The stationary eddy components
describe departures from thezonal-meanfield that are per-
sistent in time, and the transient eddy components describe
the zonal mean of departures from thetime-meanfield. In
the atmosphere, stationary eddies appear due to spatial inho-
mogeneities like topography and the position of continents;
transient eddies result from dynamical instabilities and are
related to storm activity.

2.4 LEC computations

The LEC-terms we compute here are the reservoirsPm, Pse,
Pte, Kse, Kte, and Km, the conversion ratesC(Pm, Pse),
C(Pm, Pte), C(Pte, Pse), C(Pse, Kse), C(Pte, Kte),
C(Kse, Kte), C(Kse, Km), C(Kte, Km) and C(Pm, Km),
and, when splitting the atmosphere into upper and lower re-
gions, the boundary flux termsB(Pm), B(Pe), B(Ke), and
B(Km). The generation and dissipation ratesGm, Gse, Gte,
Dse, Dte, andDm are estimated as residuals assuming con-
stant reservoirs. In other words, the left hand side of Eqs. (1)
through (6) is equal to zero assuming equilibrium conditions,
so that the generation and dissipation terms can be estimated
as residuals of the remaining terms.

In the first part of this paper we consider the transient and
stationary eddy terms together in one eddy term. For exam-
ple, we considerPe instead ofPte andPse, and the conversion
termsC(Pm, Pe), instead ofC(Pm, Pse) andC(Pm, Pte).
This ensures a consistent comparison with the results from
HDvS. In all cases, we use 50 years of daily data from each
run to obtain one value for each LEC-term. Therefore, the
values presented here reflect the mean energetics of a 50-
year period, and the eddies we refer to are obtained as the
deviations of daily values from a 50-year mean. Hence, their
time-scales may range from a few days to several years.

3 Results

3.1 The main 2× CO2 energetics response

Before dealing with the transient and stationary eddy de-
composition of the Lorenz Energy Cycle (LEC), we briefly
describe here the main energetics response in terms of the
usual 2 and 4-box LEC diagrams. This serves as a verifica-
tion of HDvS’s results with a different resolution of the same
coupled model, and at the same time it provides a more ad-
equate setup – due to the higher resolution – to analyse the
eddy contributions in the next subsections.
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Fig. 1. 2-box (above) and 4-box (below) diagrams of the LEC. Left panel shows values for the 1× CO2 control run (above, gray) and the
2× CO2 equilibrium run (below, black). Generation and dissipation terms (in parenthesis) are obtained as residuals. Right panel shows the
changes in energy generation, conversion and dissipation rates when doubling CO2 concentrations. Units are 105 J m−2 for reservoirs and
W m−2 for conversion, generation and dissipation terms. Arrows indicate the direction corresponding to positive values; negative values
imply opposite direction.

The values obtained for the LEC-terms in the 1× CO2 and
2× CO2 experiments (Fig.1, left panel) differ slightly from
the values obtained previously by HDvS. However, we do
not expect exactly the same numbers in both cases because
of the difference in resolution and model versions. For ex-
ample, the total conversion rateC(P, K) of our 1× CO2
control experiment is 2.37 W m−2, compared to 2.66 W m−2

in the coarse resolution 1× CO2 control run (HDvS). What
we do expect is that the response of the LEC-terms to a CO2-
doubling is similar. The changes in energy generation, con-
version and dissipation terms (Fig.1, right panel) constitute
thisenergetics responsedue to CO2 doubling. These changes
are indeed very similar to the ones obtained by HDvS. For ex-
ample, the LEC-strength – the totalP to K conversion rate
(C(P, K)) – decreases by 4.2 %, compared to 6.8 % obtained
by HDvS. It indicates a global weakening of the energetic
activity, although slightly less pronounced as with the coarse
resolution model (HDvS). Regarding the 4-box diagram, the
energetics response is also consistent in both cases. Just as
HDvS, we find a weakening along the baroclinic path of the
cycle (Pm→Pe→Ke), together with a strengthening of the
barotropic-related conversion rateC(Ke, Km). The weak-
ening response is slightly less pronounced here than in the
coarser resolution results:C(Pm, Pe) and C(Pe, Ke) de-
crease here by 7 % and 1.6 % compared to 11 % and 3.9 %
in HDvS. On the other hand, the strengthening response in
C(Ke, Km) is more pronounced here than in the coarser
resolution results; it strengthens by 9.3 % here, compared
to 5.1 % in HDvS. The main energetics response is clearly

consistent in both cases, and the small differences we find
concern mainly the magnitude of the response.

HDvS conclude that the warming pattern strongly deter-
mines the energetics response. Therefore, this difference in
magnitude can be easily explained with the differences in
the warming pattern. In our experiments, the amplitude of
the warming (Fig.2) is smaller than in the coarse resolution
experiments. On average, the warming we find is about 1–
1.5 K lower than in the coarse resolution experiments anal-
ysed by HDvS, but the zonal-mean pattern, with the strongest
warming in the upper tropical troposphere and in the surface
high-latitude regions (mostly in the Northern Hemisphere)
is the same. This could explain why we observe a slightly
weaker but consistent response in comparison to HDvS. Sev-
eral factors may be responsible for the difference in the am-
plitude of the 2× CO2 warming. First of all, the experi-
ments were carried out not only with different resolutions,
but also with different versions of the model. Therefore,
there may be slight differences in several parameterization
schemes and in the tuning of the model. Furthermore, the
period of time in which the 2× CO2 concentration is held
constant in both cases is not the same. Our 2× CO2 run
was obtained by increasing the CO2 concentration by 1 %
per year during 70 years, and then holding it constant for
150 years. We use here the last 50 years of this integration.
In contrast to this, the coarse resolution 2× CO2 experiment
(HDvS) has 880 years of integration with constant 2× CO2
concentration, of which they use the last 100 years. This
longer equilibrium integration certainly accounts for some
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Fig. 2. Zonal-mean temperature change due to doubling of CO2
concentrations in the coupled atmosphere-ocean ECHAM5/MPI-
OM model.

further warming as the deep ocean approaches its equilib-
rium temperature. Nevertheless, the fact that the warming
pattern in both cases is the same, suggests that the tempera-
ture response in the atmosphere in both cases is consistent,
although with slightly different amplitudes.

HDvS found that this overall weakening of the ener-
getic activity consists of a strengthening in the upper tropo-
sphere and a weakening below, the latter being the dominant
globally-integrated response. The vertical cross-sections of
the different LEC-terms (Fig.3) suggest this same feature in
our results. Clearly, this strengthening and weakening fea-
ture is present along the pathPm→Pe→Ke, just as in the
coarse resolution results (HDvS). The biggest difference we
can detect is in the Southern HemispherePm-response. In the
low resolution runs there is a general decrease, except for a
small region between 60◦S and 25◦S near the surface, where
Pm slightly increases. This region ofPm-increase extends
higher up in the higher resolution runs, with a maximum
around 600 hPa. It resembles to some extent the transient
response analysed by HDvS, wherePm increased through-
out the whole troposphere in the Southern Hemisphere. In
that case, this North-South asymmetry in thePm-change was
attributed to a slower warming in the Southern Hemisphere
(HDvS) due to a negative feedback in the Southern Ocean
(von Storch, 2008). Although not as strong as in those tran-
sient experiments, this feature might be due to the fact that
the equilibrium time of our 2× CO2 experiment is shorter,
and because the warming is weaker than in the low reso-
lution runs. In any case, these vertical cross-sections sug-
gest the same upper-tropospheric strengthening and lower-
tropospheric weakening response found by HDvS.

Furthermore, in order to verify this feature in terms of in-
tegrated LEC-terms, we split the atmosphere at 340 hPa and

compute the different LEC-terms in each region, now includ-
ing the corresponding boundary flux terms (see Appendix).
We use here 340 hPa instead of 350 hPa level (as HDvS use)
because in our resolution this level corresponds to a model-
level, which facilitates the computations.

We have computed the LEC-terms for the upper and lower
regions (not shown here) in order to obtain from these the
corresponding changes in the generation, conversion, dissi-
pation rates and boundary fluxes (Fig.4). These changes
describe the energetics response to a doubling of CO2 con-
centrations. Overall, we do observe a strengthening of the
LEC terms in the upper region and a weakening in the
lower region. Comparing our split-atmosphere’s energet-
ics response with the coarse resolution results (HDvS), we
see a clear consistency with only one remark: the weaken-
ing response of the lower region is less pronounced here,
whereas the strengthening response of the upper region has
a similar magnitude in both cases. The total conversion
rateC(P, K) increases by 0.09 W m−2 above 340 hPa, and
decreases by 0.19 W m−2 below. HDvS reported an in-
crease of 0.10 W m−2 in the upper region and a decrease of
0.29 W m−2 below. This difference in the response of the
lower and middle troposphere may be due to the differences
in the amplitude of the warming pattern. Nevertheless, both
overall responses are similar enough as to be considered con-
sistent with each other: all the terms related to the baroclinic-
path of the cycle,Pm, C(Pm, Pe), Pe, C(Pe, Ke) andKe
show an increase in the upper region and a decrease below,
whereas theKe-to-Km conversion rate increases in the upper
region and remains almost unchanged below. Clearly, the re-
sponse ofGm is the strongest in both regions, suggesting that
this term is driving the whole energetics response.

Summing up, evaluating the LEC for the split-atmosphere
confirms what the vertical cross-sections (Fig.3) suggest:
the LEC strengthens in the upper-troposphere (roughly above
350 hPa), but weakens below. The weakening is visible in the
baroclinic path of the cycle, while the strengthening is visible
in both the baroclinic path and the barotropicKe-to-Km con-
version rate. Furthermore, both responses seem to be driven
by changes inGm.

3.2 Transient and stationary eddy decomposition

Until here we have carried out the usual LEC analysis with-
out decomposing the transient and stationary eddy compo-
nents, and we find a general consistency with the results ob-
tained by HDvS. We will now expand these conclusions by
investigating the different contributions of the transient and
stationary eddy components of the LEC. This should enable
us to quantify the individual contribution of these compo-
nents to the full response of the LEC to a CO2-doubling.

The values of the corresponding LEC terms in this case
(Fig. 5) show that the eddy activity is dominated by the
transient eddy terms. This is true regarding both reser-
voirs and conversion terms in both the 1× CO2 and 2× CO2
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Fig. 3. Vertical cross-sections of the 4-box LEC terms for the 1× CO2 control experiment (contours), and their change in the 2× CO2
experiment (color shaded). Counterclockwise, starting from the upper left:Pm, C(Pm, Pe), Pe, C(Pe, Ke), Ke, C(Ke, Km), Km, and
C(Pm, Km). Units are J kg−1 for reservoirs, and 10−5 W kg−1 for conversion terms.

experiments (Fig.5, upper panel):Pte is almost 3 times
as large asPse, andKte is almost 7 times as large asKse.
We find similar ratios betweenC(Pm, Pte), C(Pte, Kte),
C(Kte, Km) andC(Pm, Pse), C(Pse, Kse), C(Kse, Km), re-
spectively. The stationary eddy terms have smaller contribu-
tions, as expected. We find the same predominance of the
transient eddy terms over the stationary eddy terms in two
of the conversion rates regarding the 2× CO2 energetics re-
sponse (Fig.5, lower panel): the responses ofC(Pm, Pe)

and C(Ke, Km) are clearly dominated by the changes in
C(Pm, Pte) andC(Kte, Km), respectively. Only in the con-
version termC(Pe, Ke) we observe the global response sim-
ilarly distributed in bothC(Pse, Kse) andC(Pte, Kte). Both
terms decrease by 0.02 W m−2, which would suggest that
both stationary and transient eddies contribute equally to the

most important conversion rate,C(Pe, Ke). However, the
fact that only this term shows this feature and not the other
conversion rates seems somehow inconsistent. By looking at
the vertical cross-sections of these terms we will be able to
understand this apparent inconsistency, and determine if the
stationary eddy components have an important contribution
to the main energetics response.

In terms of the vertical cross-sections of the decomposed
reservoirs (Fig.6) the pattern of increase in the upper tro-
posphere and decrease below is mainly due to the response
of the transient componentsPte and Kte. The main pat-
tern of change ofPe to which we have referred to, comes
from the pattern of change ofPte. The pattern of change of
Pse reveals some particular features, but these do not con-
tribute to the main global energetics response. We deal with
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rection.

these in the next subsection. RegardingKe, the main upper-
strengthening and lower-weakening response is coming from
theKte response. The contribution of the change ofKseto the
Ke-response is much smaller (note the different scale used in
the plots ofKse andKte).

By looking at the vertical cross-sections of the conversion
rates (Fig.7), we can also see that the response to a CO2-
doubling is dominated by the response of the conversions re-
lated to the transient eddy reservoirs. Clearly, the patterns of
change ofC(Pm, Pte), C(Pte, Kte), andC(Kte, Km) are very
similar to the patterns of change ofC(Pm, Pe), C(Pe, Ke)

andC(Ke, Km) (Fig. 3). We expected this fromC(Pm, Pte)

and C(Kte, Km), because their globally integrated values
were larger than the ones of their corresponding stationary
eddy terms. However, this was not so clear forC(Pe, Ke).
We had pointed out that the changes in the globally integrated
values ofC(Pte, Kte) andC(Pse, Kse) are very similar (both
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decrease by 0.02 W m−2). However, looking at the vertical
cross-sections of these two conversion rates, we clearly see
that the pattern of change that determinesC(Pe, Ke)’s verti-
cal cross-section (Fig.3) comes fromC(Pte, Kte) and not
from C(Pse, Kse). But because this pattern consists of a
strengthening in the upper-troposphere and a weakening be-
low, its total change is very small, and happens to be sim-
ilar to the total change ofC(Pse, Kse). Thus, the vertical
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112 D. Herńandez-Deckers and J.-S. von Storch: The energetics response to a warmer climate

Pm Km

C(Kse,Kte)C(P
te

,P
se

)

C(Pm,Km)

DseGse

Gm

C(Pm
,Pse)

C(Pse,Kse)

C(K
se

,K
m

)

C
(K

te
,K

m
)

De

Dm

C(Pte,Kte)

Ge

C
(P

m
,P

te)

Fig. 6. Vertical cross sections of the stationary and transient eddy reservoirs (Pse, Pte, Kse andKte) for the 1× CO2 control experiment
(contours), and their 2× CO2 change (color shaded). Units are J kg−1.

cross-sections reveal that the main energetics response is tak-
ing place via the transient eddies, i.e., viaC(Pte, Kte), and
not viaC(Pse, Kse).

Summing up, the transient eddy reservoirs and conversion
rates clearly dominate the global energetics response. This
means that the main energetics response takes place along the
pathPm→Pte→Kte→Km. The energetics response to dou-
bling of CO2 concentrations that we have described in the
previous section, as well as the one described by HDvS, cor-
responds to the response of the transient eddy components,
whereas the stationary components have a very small con-
tribution. In the following subsection we analyse the main
cause for the response of this transient eddy response based
on the effects of the zonal-mean warming pattern.

3.2.1 The transient eddy response

The main energetics response to a CO2 doubling consists of
a strengthening of the LEC in the upper troposphere and a
weakening below (HDvS). We now know that this dual re-
sponse concerns the transient eddy components and not the
stationary ones. Furthermore, HDvS relate this response
to the zonal-mean warming pattern, finding that changes in
meridional temperature gradient and mean static stability can
explain, at least qualitatively, this dual response. We will
now carry out a similar analysis with our higher resolution
results, having in mind that this main response concerns the
transient eddy components.

FollowingHeld(1993), the dual energetics response could
be related to the two main features of the zonal-mean warm-
ing pattern (Fig.2). First, the tropical upper-tropospheric
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Fig. 7. Vertical cross sections of the stationary and transient eddy conversion terms (C(Pm, Pte), C(Pm, Pse), C(Pte, Pse), C(Pte, Kte),
C(Pse, Kse) C(Kte, Km), andC(Kte, Km)) for the 1× CO2 control experiment (contours), and their 2× CO2 change (color shaded). Units
are 10−5 W kg−1.

warming implies an increase of the meridional temperature
gradient in the upper-troposphere and would therefore cause
more baroclinicity. Hence, a strengthening of the LEC. Sec-
ond, the high-latitude surface warming reduces the merid-
ional temperature gradient and by doing so, it decreases
baroclinicity. This would imply a weakening of the LEC.

Nevertheless, to obtain a complete picture of the possible
effects of the warming pattern on the energetics response,
changes in the stratification, i.e., in mean static stability,
should be taken into account. Mean static stability appears
in various LEC-terms in the form of inverse static stabil-
ity, γ . From the point of view of static stability changes,
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the warming pattern would cause exactly the opposite ef-
fects than the ones described above: the tropical upper-
tropospheric warming increases mean static stability, weak-
ening the generation rate of available potential energy, as
well as available potential energy (becauseγ would de-
crease). The high-latitude surface warming would cause an
increase ofGm andPm, and therefore a strengthening of the
LEC, because it implies a weakening of mean static stability.

Following HDvS, and in order to try to assess how these
different effects of the warming pattern combine in order to
produce the 2× CO2 energetics response, we look here into
the vertical profile of the changes inγ , the inverse mean
static stability (Fig.8, upper panel) and inPm (Fig. 8, lower
panel). The vertical profile ofPm decreases strongly near the
surface (by roughly 10 %), whereasγ does not change much
there. This suggests that this feature cannot be caused by
changes inγ , but rather by the reduced horizontal tempera-
ture variance due to the high-latitude surface warming. On
the other hand, the decrease ofPm above 600 hPa is clearly
driven by the relative decrease ofγ , i.e., the increase in
global mean static stability. We can conclude this because in
this region (a) the relative changes of bothγ andPm are sim-
ilar, and (b) the warming is rather homogeneous latitudinally
so that very little changes in meridional temperature gradient
take place. In between these two regions, above the surface
and below 600 hPa, the resulting change inPm is likely to
be due to a combination of both effects: the decrease ofγ

(increased mean static stability) and the reduced meridional
temperature gradient near the surface. Above 250 hPa,Pm
reaches an increase of about 140 % (out of scale in Fig.8),
which must be related to horizontal temperature variance
changes, because the relative changes ofγ are never as large.

We assume that the changes inPm reflect to a certain ex-
tent the response of the whole LEC, for changes inPm are
expected to indicate corresponding changes in baroclinicity.
Furthermore, we have found that the largest changes due to
CO2 doubling are found inGm, the generation rate ofPm.
Actually, understanding the response ofGm would explain
the whole energetics response from the point of view of the
LEC without invoking the concept of baroclinicity. This is
because under steady state conditions, changes in the gener-
ation rates must be balanced by corresponding changes in the
conversion and dissipation rates, hence in the whole energet-
ics. On the contrary, changes in reservoirs are not necessarily
balanced by changes in other terms. Unfortunately, we can-
not calculate profiles of the generation rates because we only
obtain these as residuals of the globally integrated terms.
Nevertheless, the changes in the profiles ofPm can give us
a good idea about the changes in the profiles ofGm. First of
all, because the expression forGm (Eq.A16) is very similar
to the expression forPm (Eq. A1). It is also proportional to
γ , so changes in mean static stability should affectGm in a
similar way as they affectPm. The difference withPm is that
instead of being proportional to[〈T 〉]

′′
[〈T 〉]

′′, the horizontal
variance of temperature, it is proportional to[〈T 〉]

′′
[〈Q〉]

′′,

Fig. 8. Relative change of the vertical profile of gamma,γ (above)
and ofPm (below) when doubling CO2 concentrations (difference
divided by the 1× CO2 value).

the “correlation” between deviations of temperature and di-
abatic heating. In other words,Gm has positive contribu-
tions from relatively warm latitudes that have net diabatic
heating, or from relatively cold latitudes that have net dia-
batic cooling. Negative contributions would imply relatively
warm latitudes with net diabatic cooling, or relatively cold
latitudes with net diabatic heating. We know that on average,
the relatively warm latitudes – the low latitudes – have an ex-
cess of diabatic heating, while the relatively cold latitudes –
the high latitudes – have an excess of diabatic cooling (e.g.,
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Peixoto and Oort, 1992). Hence,Gm is by far positive, be-
cause[〈T 〉]

′′ and[〈Q〉]
′′ are strongly correlated. This is not

the case ofGe, for example. In terms of deviations from the
time and zonal-means, there is no such strong correlation be-
tween〈T 〉

∗ and 〈Q〉
∗, or betweenT ′ andQ′. Most of the

processes leading to the generation ofPe cancel each other,
such that globally, this term ends up being very close to zero,
or even slightly negative (Lorenz, 1955; Romanski, 2009).

The fact that[〈T 〉]
′′ and [〈Q〉]

′′ are so highly correlated
implies thatGm should have a distribution similar toPm.
The vertical profile ofGm should have characteristics very
similar to those ofPm, although with different units. We
do not find any reason for this high correlation to change
significantly in a 2× CO2 climate. The pattern of change
of Gm must be very similar to the pattern of change ofPm.
Therefore, we can extend our analysis regardingPm to Gm:
having in mind thatGm should behave in a very similar
way toPm, we can conclude that the increase inGm in the
upper region is related to the strong increase in horizontal
temperature variance due to the tropical upper-tropospheric
warming. This assumes that in this upper region, the corre-
lation between[〈T 〉]

′′ and [〈Q〉]
′′ becomes stronger due to

the larger meridional temperature gradient. The decrease of
Gm in the lower region is related to a combination of the in-
creased mean static stability due to the upper tropospheric
warming, and the decreased meridional temperature gradi-
ent due to the high-latitude surface warming, which should
decrease the correlation between[〈T 〉]

′′ and[〈Q〉]
′′ near the

surface. This dual response ofGm drives then the strengthen-
ing of the LEC in the upper region and the weakening in the
lower region. This result is fully consistent with the conclu-
sions obtained by HDvS, but knowing now that these concern
the transient eddy response.

3.2.2 The stationary eddy response

Finally, even though the stationary eddy response is not so
relevant for the main energetics response,Pse shows some
features that are worth analysing. When doubling CO2 con-
centrations,Pse increases in two regions near the surface
at around 25◦ N and 25◦ S, which contribute to the vertical
cross-section ofPe in Fig. 3. The distribution of the change
in the integrand ofPse at 910 hPa (Fig.9, upper panel), cal-
culated as the change in(cp/2)γ 〈β〉〈T 〉

∗2, reveals the causes
for these features. The increase region around 25◦ S is due
to an increase inPse over Australia, central-South America
and a region over the Eastern Pacific, and the increase re-
gion around 25◦ N is related to an increase inPse over the
Saharan and the Arabian Deserts. These features are clearly
related to the 2× CO2 temperature change in these regions,
and in particular, to the changes in the zonal anomalies of
temperature,〈T 〉

∗ (Fig. 9, lower panel). The regions that
are causing changes inPse correspond to regions where the
warming pattern is such as to enhance the zonal anomalies of
the temperature field. For example, the Australian continent

has a positive contribution to〈T 〉
∗ in the 1× CO2 case (con-

tour lines in Fig.9, lower panel), i.e., it is warmer than the
zonal-mean for this latitude belt. The strong positive change
of 〈T 〉

∗ in this region indicates that this zonal anomaly is en-
hanced under 2× CO2 conditions. The same happens over
the Saharan and Arabian deserts, where positive values of
〈T 〉

∗ are enhanced when doubling CO2 concentrations. On
the other hand, the Eastern Pacific has a lower mean temper-
ature than its zonal belt, which reflects on a negative value of
〈T 〉

∗ in the 1× CO2 case (dashed contour lines in Fig.9,
lower panel). This zonal anomaly is also enhanced when
doubling CO2 concentrations, because it coincides with a
negative change in〈T 〉

∗. Therefore,Pse increases here as
well.

The opposite happens in the Atlantic between Greenland
and Northern Europe. This region is on average warmer
than its latitudinal-belt, causing the largest contribution to
Pse globally. This is also reflected on the strong positive val-
ues of〈T 〉

∗ in the 1× CO2 case (contour lines in Fig.9, be-
low). The〈T 〉

∗-change is negative in this region, so that this
zonal anomaly becomes weaker under 2× CO2 conditions.
HencePse decreases strongly in this region. This happens
because (a) the continental warming is stronger, and (b) the
weakening of the Atlantic meridional overturning reduces the
sea surface temperature in this region (Meehl et al., 2007).

In other words, there is a smaller land-sea contrast at the
northern high latitudes, whereas the opposite is true for the
subtropics, around 25◦ N and 25◦ S, where the land-sea con-
trasts are enhanced. These features of the 2× CO2 warm-
ing pattern are not new. Most current climate models predict
such a warming pattern (Meehl et al., 2007). Such a warming
pattern cause changes inPse that stand out and are directly
related to the 2× CO2 warming, but they do not affect the
global energetics response of the atmosphere. In order to do
so, these changes inPse would also have to cause changes in
the conversion rate intoKse, C(Pse, Kse). There is indeed a
contribution around 25◦ N and 25◦ S in this conversion rate,
but it is very small. Actually, we expect this conversion to
be small in these regions, because in order to convertPse
into Kse, a good correlation between〈ω〉

∗ and〈α〉
∗ is needed

(see AppendixA). Intuitively, this can be seen as rising of
relatively warm air and sinking of relatively cold air in the
stationary eddies. However, these regions are mostly sub-
tropical deserts where there is relatively warm air, but very
little or no rising of air. Therefore,C(Pse, Kse) has a very
small contribution from these regions, and the global energet-
ics is not affected much by such features inPse. Regarding
the decrease ofPse in the North Atlantic region, this does not
have any effect on the conversion rateC(Pse, Kse) either. In
this case, the only reason we find is that the contribution of
C(Pse, Kse) to the totalC(Pe, Ke) in this region is so small
already that a further reduction in the reservoir ofPse makes
no significant difference.
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Fig. 9. Pse-change (upper panel) and〈T 〉
∗-change, the changes in the zonal anomalies of temperature (lower panel) at 910 hPa due to CO2

doubling. Contour lines in lower panel indicate the 1× CO2 distribution of〈T 〉
∗.

4 Conclusions and discussion

We use here the Lorenz Energy Cycle (LEC) in order to es-
timate the global energetic activity of the atmosphere in the
coupled atmosphere-ocean ECHAM5/MPI-OM model. Us-
ing two equilibrium runs (1× CO2 and 2× CO2) we esti-
mate the response of the energetic activity due to doubling
of CO2 concentrations in the same way as HDvS have done
with a coarser resolution version of the same model. The

main 2× CO2 energetics response that we find here is fully
consistent with the coarser resolution results (HDvS). We
find a 4 % weakening of the global energetic activity when
doubling CO2 concentrations, as measured by the change in
the totalP -to-K conversion rate. This result is also con-
sistent with other studies (Boer, 1995; Marquet, 2006; Lu-
carini, 2009), which mainly attribute this overall weakening
to the reduction in pole-to-equator temperature gradient and
to weaker land-sea contrasts during the winter season. We
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also find that this overall weakening results from a dual re-
sponse: a strengthening of the energetic activity in the upper-
troposphere, and a weakening in the lower and middle tropo-
sphere that dominates the globally integrated response. Note
that the global weakening in the LEC-strength implies as
well a decrease in the global dissipation rate of kinetic en-
ergy, which is often assumed to be related to weaker surface
winds (Lucarini et al., 2010). However, our experiments do
not show a significant global weakening of the near-surface
winds (not shown here). Further research would be needed to
determine the direct causes for the weakening of the global
dissipation rate.

Having verified that the main energetic response is fully
consistent with the coarser resolution version of the coupled
model (HDvS), we perform an additional decomposition of
the eddy reservoirs of the LEC in order to determine how the
stationary and the transient eddies contribute to the energet-
ics response. As expected (Oort and Peixoto, 1974; Holton,
2004), we find that most of the energetic activity originates
from the transient eddies. However, this is not necessarily
the case when referring to the 2× CO2 response. In prin-
ciple, the response of the stationary eddy components could
also have a significant contribution to the main energetics re-
sponse. Nevertheless, we find that the main energetics re-
sponse is determined by the response of the transient eddy
reservoirsPte andKte and by the corresponding energy con-
version rates,C(Pm, Pte), C(Pte, Kte) andC(Kte, Km). The
response of the stationary eddy reservoirsPse andKse, and
of their corresponding energy conversion terms,C(Pm, Pse),
C(Pte, Pse), C(Pse, Kse), C(Kse, Kte), andC(Kse, Km),
is very small compared to the transient component response.
Therefore, the main energetics response we describe above
arises mainly from the transient eddy components.

By analysing the zonal-mean warming pattern together
with the Pm-response, it is possible to explain qualitatively
the dual energetics response, which we now know to be
related to the transient eddy terms. The strengthening in
the upper-troposphere is caused by the increased meridional
temperature gradient due to the tropical upper-tropospheric
warming, while the weakening below is due to a combination
of a weaker meridional temperature gradient – caused by the
high-latitude surface warming – and an enhanced mean static
stability – caused by the tropical upper-tropospheric warm-
ing. This shows how relevant the thermal structure of the
atmosphere is for the energetics response, in agreement with
previous studies (see, e.g.,O’Gorman and Schneider, 2008).
Further, our results indicate that static stability effects may
be more important than previously thought, in accordance
with other findings byO’Gorman(2010). In particular, static
stability changes tend to counteract the expected response
due to meridional temperature gradient changes. In order
to completely separate the effects of the different features
of the warming pattern on the energetics of the atmosphere,
additional simulations are carried out in which specific at-
mospheric warming patterns are forced. These experiments,

to be reported elsewhere, are expected to verify the current
results presented here, and in particular, to quantify the rela-
tive contribution of the tropical upper-tropospheric warming
and the high-latitude surface warming to the dual energetics
response of the LEC.

Regarding the stationary eddy components, the only term
that shows some outstanding features isPse. Although these
do not affect the main energetics response, they stand out
and are related to regional warming patterns due to the CO2-
doubling. Pse increases over two regions near the surface
symmetric about the equator, around 25◦ N and 25◦ S. This
increase is mainly caused by the stronger warming of sub-
tropical deserts relative to their corresponding zonal belt, en-
hancing the temperature contrasts that contribute toPse in
these regions. Furthermore, there is also a strong decrease
in Pse near the surface around 60◦ N, which is related to the
weaker warming of the North Atlantic with respect to this lat-
itude belt (i.e., stronger warming of the continents in compar-
ison to the North Atlantic). All these regional warming fea-
tures are well known from different climate models (Meehl
et al., 2007). We find here that these warming patterns have a
clear impact on the response ofPse. However, they do not af-
fect the main global energetics response, which is driven by
the response of the transient eddy components of the LEC.

Appendix A

Lorenz Energy Cycle terms

The Lorenz Energy Cycle (LEC) terms are given as integrals
over the atmosphere. To avoid using extrapolated values for
points below the surface in the integrals, we use theβ func-
tion proposed byBoer(1982) and defined asβ = 0 forp >ps,
andβ = 1 for p ≤ ps, wherep is pressure andps is surface
pressure. Thisβ function is not only a weighting factor in
the final expressions, but is also used to weight each zonal
and time mean, as described in detail byBoer (1982). The
expressions we use here are equivalent to the ones used by
HDvS, but separating the transient and stationary eddies. The
symbols we use are listed in TableA1.

The reservoirs of the LEC are given by:

Pm =
cp

2

∫
γ [〈β〉][〈T 〉]

′′2 ρ dV (A1)

Pse =
cp

2

∫
γ [〈β〉〈T 〉

∗2
] ρ dV (A2)

Pte =
cp

2

∫
γ [〈β〉〈T ′2

〉] ρ dV (A3)

Km =
1

2

∫
[〈β〉]

(
[〈u〉]

2
+ [〈v〉]

2
)

ρ dV (A4)

Kse =
1

2

∫ [
〈β〉

(
〈u〉

∗2
+ 〈v〉

∗2
)]

ρdV (A5)
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Table A1. List of symbols.

Symbol Description

a Earth’s average radius
cp specific heat at constant pressure
dA surface element
dV volume element
g acceleration due to gravity
k R/cp
p pressure
ps surface pressure
t time
u zonal wind component
v meridional wind component
z geopotential height
B(X) boundary flux ofX
C(X,Y ) conversion rate fromX to Y

D(Y ) dissipation rate ofY
Fx ,Fy frictional force inx andy

Kte transient eddy kinetic energy
Kse stationary eddy kinetic energy
Ke eddy kinetic energy (Kte+Kse)
Km zonal mean kinetic energy
Pte transient eddy available potential energy
Pse stationary eddy available potential energy
Pe eddy available potential energy (Pte+Pse)
Pm zonal mean available potential energy
Q diabatic heating rate
R gas constant for dry air
T temperature
α specific volume
β equals 0 for underground grid points, 1 otherwise

γ inverse mean static stability factor:−θR
Tpcp

(
∂θ̃
∂p

)−1

λ longitude
φ latitude
ρ density
θ potential temperature
ω vertical velocity in isobaric coordinates

Kte =
1

2

∫ [
〈β〉

〈
u′2

〉 + 〈v′2
〉

)]
ρ dV, (A6)

where[X] denotes the zonal-mean ofX, 〈X〉 the time mean
of X, X̃ the global mean over a constant pressure level, and
X∗, X′ andX′′ are the corresponding deviations from these
means.

The conversion rates are given by:

C(Pm, Pse) = −cp

∫
γ

[
〈β〉〈v〉

∗
〈T 〉

∗
] ∂[〈T 〉]

a∂φ
ρ dV (A7)

− cpp
−k

[
〈β〉〈ω〉

∗
〈T 〉

∗
] ∂

(
γ pk

[〈T 〉]
′′
)

∂p
ρ dV

C(Pm, Pte) = −cp

∫
γ

[
〈β〉〈v′T ′

〉
] ∂[〈T 〉]

a∂φ
ρ dV (A8)

− cp

∫
p−k

[
〈β〉〈ω′T ′

〉
] ∂

(
γ pk

[〈T 〉]
′′
)

∂p
ρ dV

C(Pse, Kse) = −

∫
[〈β〉〈ω〉

∗
〈α〉

∗
] ρ dV (A9)

C(Pte,Kte) = −

∫
[〈β〉〈ω′α′

〉] ρ dV (A10)

C(Kse, Km) =

∫ [
〈β〉〈v〉

∗
〈u〉

∗
]
cosφ

∂ ([〈u〉]/cosφ)

a∂φ
ρ dV (A11)

+

∫ [
〈β〉〈v〉

∗2
] ∂[〈v〉]

a∂φ
ρ dV

+

∫ [
〈β〉〈w〉

∗
〈u〉

∗
] ∂[〈u〉]

∂p
ρ dV

+

∫ [
〈β〉〈w〉

∗
〈v〉

∗
] ∂[〈v〉]

∂p
ρ dV

−

∫
[〈v〉]

([
〈β〉〈u〉

∗2
]) tanφ

a
ρ dV

C(Kte, Km) =

∫ [
〈β〉〈v′u′

〉
]

cosφ
∂ ([〈u〉]/cosφ)

a∂φ
ρ dV (A12)

+

∫ [
〈β〉〈v′2

〉

] ∂[〈v〉]

a∂φ
ρ dV

+

∫ [
〈β〉〈w′u′

〉
] ∂[〈u〉]

∂p
ρ dV

+

∫ [
〈β〉〈w′v′

〉
] ∂[〈v〉]

∂p
ρ dV

−

∫
[〈v〉]

([
〈β〉〈u′2

〉

]) tanφ

a
ρ dV

C(Pm, Km) = −

∫
[〈β〉][〈ω〉]′′ [〈α〉]′′ ρ dV. (A13)

New conversion terms due to the transient and stationary
eddy decomposition are:

C(Pte, Pse) = −cp

∫
γ

[
〈β〉〈T ′v′

〉
∗

∂〈T 〉
∗

a∂φ

]
ρ dV (A14)

− cp

∫
p−k

[
〈β〉〈T ′ω′

〉
∗

γ pk
〈T 〉

∗

p

]
ρ dV
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C(Kse, Kte) =

∫
tanφ

a

[
〈β〉

(
〈u′2

〉〈v〉
∗
−〈v′u′

〉〈u〉
∗

)]
ρdV (A15)

−
1

a

∫ [
〈β〉

(
〈u′v′

〉
〈u〉

∗

∂φ
+ 〈v′2

〉
〈v〉

∗

∂φ

)]
ρ dV

−

[
〈β〉

(
〈u′ω′

〉
〈u〉

∗

∂p
+ 〈v′ω′

〉
〈v〉

∗

∂p

)]
ρ dV

We do not compute the generation and dissipation rates
explicitly, but rather estimate them as residuals. However,
we present these expressions here for completeness:

Gm =

∫
γ [〈β〉][〈T 〉]′′ [〈Q〉]′′ ρ dV (A16)

Dm =

∫
[〈β〉]

(
[〈u〉][〈Fx〉] + [〈v〉][〈Fy〉]

)
ρ dV (A17)

Gse =

∫
γ

[
〈β〉〈T 〉

∗
〈Q〉

∗
]
ρ dV (A18)

Gte =

∫
γ

[
〈β〉〈T ′Q′

〉
]
ρ dV (A19)

Dse =

∫ [
〈β〉

(
〈u〉

∗
〈Fx〉

∗
+ 〈v〉

∗
〈Fy〉

∗
)]

ρ dV (A20)

Dte =

∫ [
〈β〉

(
〈u′F ′

x〉 + 〈v′F ′
y〉

)]
ρ dV. (A21)

When splitting the atmosphere at an isobaric level, bound-
ary fluxes must be computed for each reservoir. These also
include the pressure-work terms. For consistency with our
ωα formulation (seePeixoto and Oort, 1974for details), the
pressure-work terms contribute to the kinetic energy fluxes
(last terms in Eqs.A25, A26 andA27). The corresponding
expressions are:

B(Pm) = cp

∫
γ

[
〈ω′T ′

〉 + 〈ω〉
∗
〈T 〉

∗
]
[〈T 〉]′′ dA/g (A22)

+
cp

2

∫
γ [〈ω〉][〈T 〉]

′′2 dA/g

B(Pse) =
cp

2

∫
γ

[〈
ω〈T 〉

∗2
〉]

dA/g (A23)

+ cp

∫
γ

[
〈w′T ′

〉
∗
〈T 〉

∗
]

dA/g

B(Pte) =
cp

2

∫
γ

[〈
ωT ′2

〉]
dA/g (A24)

B(Kse) =
1

2

∫ [〈
ω

(
〈u〉

∗2
+ 〈v〉

∗2
)〉]

dA/g (A25)

+

∫ [
〈ω′u′

〉
∗
〈u〉

∗
+ 〈ω′v′

〉
∗
〈v〉

∗
]

dA/g

+

∫
g
[
〈ω〉

∗
〈z〉∗

]
dA/g

B(Kte) =
1

2

∫ [〈
ω

(
u′2

+ v′2
)〉]

dA/g (A26)

+

∫
g
[
〈ω′z′

〉
]

dA/g

B(Km) =
1

2

∫
[〈ω〉]

(
[〈u〉]

2
+ [〈v〉]

2
)

dA/g (A27)

+

∫ [〈
ω′u′

〉
+ 〈ω〉

∗
〈u〉

∗
]
[〈u〉] dA/g

+

∫ [〈
ω′v′

〉
+ 〈ω〉

∗
〈v〉

∗
]
[〈v〉] dA/g

+

∫
g[〈ω〉][〈z〉]′′ dA/g
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